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PKEFACE. 

The present small volume is intended to form a 
sound introduction to a study of the Diflferential Cal- 
culus suitable for the beginner. It does not therefore 
aitn at completeness, but rather at the omission of all 
portions which are usually considered best left for a 
later reading. At the same time it has been con- 
structed to include those parts of the subject pre- 
scribed in Schedule I. of the Regulations for the 
Mathematical Tripos Examination for the reading of 
students for Mathematical Honours in the University 
of Cambridge. 

Particular attention has been given to the examples 
which are freely interspersed throughout the text. For 
the most part they are of the simplest kind, requiring 
but little analytical skill. Yet it is hoped they will 
prove sufficient to give practice in the processes they 
are intended to illustrate. 

It is assumed that in commencing to work at the 
Diflferential Calculus the student possesses a fair know- 
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VI PREFACE. 

ledge of Algebra as far as the Exponential and Logarith- 
mic Theorems ; of Trigonometry as feur as Demoivre's 
Theorem, and of the rudiments of Cartesian Geometry 
as far as the equations of the several Conic Sections in 
their simplest forms. 

Being to some extent an abbreviation of my larger 
Treatise my acknowledgments are due to the same 
authorities as there mentioned. My thanks are also 
due to several Mends for useftil suggestions with regard 
to the desirable scope of the book. 

Any suggestions for its improvement or for its 
better adaptation to the requirements of junior 
students, or lists of errata, will be gratefully received. 



JOSEPH EDWARDS. 



80, Cambbzdob Gabdbns, 

NOBTH EBNSINaTON, W. 

December, 1892. 
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DIFFEKENTIAL CALCULUS. 



CHAPTER I. 

LIMITING VALUES. ELEMENTARY UNDETERMINED 
FORMS. 

1. Object of the Differential Calculus. When 
an increasing or decreasing quantity is made the subject 
of mathematical treatment, it often becomes necessary 
to estimate its rate of growth. It is our principal object 
to describe the method to be employed and to exhibit 
applications of the processes described. 

2. Explanation of Terms. The frequently re- 
curring terms "Constant," "Variable," "Function," will 
be imderstood from the following example : 

Let the student imagine a triangle of which two sides x, y are 
unknown but of which the angle (A) included between those sides is 
known. The area (A) is expressed by 

A=4^ysinii. 
The quantity ^ is a "constant " for by hypothesis it retains the same 
value, though the sides x and jr may change in length while the 
triangle is under observation. The quantities x^ y and A are there- 
fore called variables. A, whose value depends upon those of x and y^ 
is called the dependent variable ; x and y^ whose values may be any 
whatever,, and may either or both take up any values which may be 
assigned to them, are called independent variables. 

The quantity A whose value thus depends upon those of x, y and 
A is said to be & function of x, y and A, 

E. D. C. ^ 1 
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2 DIFFERENTIAL CALCULUS. 

3. Definitions. We are thus led to the following 
definitions : 

(a) A Constant w a quantity which, during any set 
of mathematical operations, retains the same value. 

(b) A Variable is a quantity which, during any set of 
mathematical operations, does not retain the same value 
but is capable of assuming different values. 

(c) An Independent Variable is one which mjay 
take up any arbitrary value that may be assigned to it 

(d) A Dependent Variable is one which assumes 
its value in consequence of some second variable or system 
of variables taking up any set of arbitrary values iJiat 
mxxy be assigned to them. 

(e) When one quantity depends upon another or upon 
a system of others in such a mjanner as to a^ssume a 
definite value when a system of definite values is given to 
the others it is called a function of those others. 

4. Notation. The usual notation to express that 
one variable y is a function of another x is 

y=f{x) ovy^F{x) or y = 4>{x). 

Occasionally the brackets are dispensed with when no 
confusion can thereby arise. Thus^ may be sometimes 
written for f{x). If u be an unknown function of 
several variables x, y, z, we may express the fact by the 
equation u =f(x, y, z). 

6. It has become conventional to use the letters 
a, b, c... a, fi,y... from the be^nning of the alphabet 
to denote constants and to retam later letters, such as 
u, V, w, X, y, z and the Greek letters f , i;, f for variables. 

6. Limiting Values. The following illustrations 
will explain the meaning of the term "Limiting 
Value": 
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LIMITING VALUES, 3 

(1) We say *S = g, by which we mean that by taking enough sixes 
we can make *666... differ by as little as we please from §. 

(2) The limit of r- when x is indefinitely diminished is 3. 

For the difference between =- and 3 is — ^ , and by diminishing 

x-\-L a;4-i 

X indefinitely this difference can he made less than any assignable 
quantity however small. 

The expression can also be written ^ , which shews that if x 

l+- 

X 

be increased indefinitely it can be made to continually approach and 
to differ by less than any assignable quantity from 2, which is there- 
fore its limit in that case. 

It is useful to adopt the notation Ltx=a to denote 
the words "the Limit when a; = a of." 

»., , 2aj-|-3 2a; + 3 

(3) If an equilateral polygon be inscribed in any closed curve and 
the sides of the polygon be decreased indefinitely, and at the same 
time their number be increased indefinitely, the polygon continually 
approximates to the form of the curve, and ultimately differs from it 
in area by less than any assignable magnitude^ and the curve is said to 
be the limit of the polygon inscribed in it. 

7. We thus arrive at the following general defini- 
tion: 

Def. The Limit of a function for an assigned valuta 
of the independent variable is that value from which the 
function may be made to differ by less than any assign- 
able quantity however smalT by making the independent 
variable approach sufficiently near its assigned value. 

8. Undetermined forms. When a function in- 
volves the independent variable in such a manner that 
for a certain assigned value of that variable its value 
cannot be found by simply substituting that value of the 
variable, the function is said to take an undetermined 
form. 

1—2 
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4 DIFFERENTIAL CALCULUS. 

One of the commonest cases occurring is that of a 
fraction whose numerator and denominator both vanish 
for the value of the variable referred to. 

Let the student imarine a triangle whose sides are 
made of a material capaDle of shrinking indefinitely till 
they are smaller than any conceivable quantity. To fix 
the ideas suppose it to be originally a triangle whose 
sides are 3, 4 and 5 inches long, and suppose that the 
shrinkage is uniform. As the shrinkage proceeds the 
sides retain the same mutual ratio and may at any 
instant be written 3m, 4m, 5m and the angles remain 
unaltered. It thus appears that though each of these 
sides is ultimately immeasurably small, and to all prac* 
tical purposes zero, they still retain the same mutual ratio 
3:4:5 which they had before the shrinkage began. 

These considerations should convince the student 
that the vltimate ratio of two vanishing quantities is not 
necessarily zero or vmity. 

a? — a? 

9. Consider the firaction : what is its value 

x — a 

when ^ = a ? Both numerator and denominator vanish 

when X is put = a. But it would be incorrect to assume 

that the fi:uction therefore takes the value unity. It is 

equally incorrect to suppose the value to be zero for the 

reason that its numerator is evanescent ; or that it is 

infinite since its denominator is evanescent, as the 

beginner is often fallaciously led to believe. If we wish 

to evaluate this expression we must neoer put x actually 

equal to a. We may however put a? = a + A where h is 

anything other than zero. 

a^ — a? 

Thus =2a + A, 

x — a 

and it is now apparent that by making A indefinitely 
small (so that the value of x is made to approach inde- 
finitely closely to its assigned value a) we may make the 
expression differ from 2a by less than any assignable 
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EXAMPLES. 5 

quantity. Therefore 2a is the limiting value of the 
given fraction. 

10. Two functions of the same independent variable 
are said to be ultimately equal when as the independent 
variable approaches indefinitely near its assigned value 
the limit of their ratio is unity. 

Thus Lte^o —z~ — 1 ^7 trigonometry, 

and therefore when an angle is indefinitely diminished 
its sine and its circular measure are ultimately equal. 

EXAMPLES. 

1. Find the limit when a?=0 of ^ , 

(a) when y= mo?, 
(6) wheny=^/a, 
(c) wheny=aa;*+5. 

.2. "FindLt y , (i) whena?=0, (ii) whena?=oo. 

3. Find Z^aj.a ; ^^»-a ; ^«-aT3 «• 

007 + - 

4. i^d the limit of m i , (i) when d;=0, (ii) when 0?= oo . 

ca? + - 

• 6. The opposite angles of a cyclic quadrilateral are supple- 
mentary. "What does this proposition Mcome in the limit when 
two angular points coincide ? 

•c* — Cic* + 1 1«P — 6 

7. Evaluate the fraction — =—-5 — ^--^ — \ — s for the values 

a?=ao,3,2,l,i, J,0, -00. 

8. Evaluate Lt^.^^ and X^^^o '^^"^^'"^ 
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6 DIFFERENTIAL CALCULUS. 

IL Timr Importaiit Limits. The following 
timit« are important : 

a) Xf#-o^-=l; i<#-oco8tf=l, 

(II) le,.i^^ = n, 

(III) Ltg^ * ( ^ "*■ ~ ) ~ ^' where 6 is the base of the 

^ Napierian logarithms, 

12« (I) The limits (I) can be found in any standard 
text-book on Plane Trigonometry. 

13, (II) Toproveifa^.i^— j-=n. Leta?=l+2^. Then 

when X approaches unity z approaches zero. Hence we 
can consider -g: to be less than 1, and we may therefore 
Apply the Binomial to the expansion of (1 + zy what- 
ever n may be. 

r^ , a?** - 1 , (1+^)^—1 

Thus Lt^^i • — -i = Ltg^o^^^^^-^ 

x—l z 

nCn—l) . 
- Ti ^ • 



14 (III) To prove X««.«(l+^Y = e. 
log,y = a?log,^l + -j. 
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FOUR IMPORTANT LlMlTti, 7 

Now X is about to become infinitely large, and there- 
fore - may be throughout regarded as less than unity, 

iXj 

and we may expand by the Logarithmic Theorem. 



Thus log« y — x 



= 1 — X [a convergent series]. 

Thus when x becomes infinitely large 
Lt \ogey = 1, 
and Lty = e, 

i.e. Lt^:^Jl + -^ =e. 

a* — 1 
16. (IV) To prove Ltg=.o = log«a. 

X 

Assume the expansion for a* viz. 

a*= 1 + a? logett + 2| (logea)'* 4- . . . , 
which is shewn in Algebra to be a convergent seines. 

Hence = log^a H-a? ^ ^, + ... 

X ^ 2! 

= log^a +a? X [a convergent series]. 

And the limit of the right-hand side, when x is in- 
definitely diminished, is clearly log«a. 
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8 DIFFERENTIAL CALCULUS, 

X6. Method of procedure. The rule for evaluating 

a function which takes the undetermined form - when 

the independent variable x ultimately coincides with its 
assigned value a is as, follows : — -. 

Put x=a-\-h and expand both numerator and deno- 
minator of the fraction. It will now become apparent 
that the reason why both numerator and denominator 
ultimately vanish is that some power of A is a common 
factor of each. This should now be divided out. Finally 
let h diminish indefinitely so that x becomes ultimately 
a, and the true limiting value of the function will be 
clear. 

In the particular case in which a? is to become zero 
the expansion of numerator and denominator in powers 
of X should be at once proceeded with without any pre- 
liminary substitution for x. 

In the case in which a? is to become infinite, put 
1 

y 

so that when x becomes oo , y becomes 0. 

Several other undetetmined forms occur, viz. x oo , 

— , 00 — 00 , 0^ 00 ®, 1 *, but they may be made to depend 

upon the form ^ by special artifices. 

The method thus indicated will be best understood 
by examining the mode of solution of the following 
examples : — 

This is of the form k if we put a?=l. Therefore we put x=l-\-h 
and e|xpand. We thus obtain 

^7_2x6+l_ (l + fe)7>2(l+/i)g+l 

^^-^ V - 3x8+ 2 "■'^^*=* (1 + A)8 - 3 (1 + /i)2+ 2 
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V^DETERMINED FORMS. 9 

■* (1 + 8^+3/1^+. ..)-8(l + 2/i+/i«) + 2 
-3^+/t8+... 
3^+... 



--^«»'«-3+... 



■el-'- 

Xt will be seen from this example that in the process of expansion 
it is only necessary in general to retain a few of the lowest powers ofh, 

a* -6* 
Ex. 2, Find Lt^^o . 

Here nnmerator and denominator both vanish if x be put equal to 0. 
We therefore expand a' and b* by the exponential theorem. , > Hence 

a* -6* 
Ltg^o — z — 



=Lt 



|l+a ; logea+|j(log,a)'+..| - |l+glog,5 + ^(log,5)'+..| 

X 

=X«.»o |log.a-log.6 + |^(i^|»-log.6|«) + ..| 



=log.a-log.6=log,^. 

Ex. 3. Find 
Since 



-.-.(^1 



tan X _ 1 sing 
~i cosx' X ' 



, _^ tana: , 
wehaye -Lt,„o = !• 

X 

Hence the form assumed by ( — — j is an undetermined form 1*" 
when we put x=0. 

Expand sin x and cos d; in powers of x. This gives 
1 
I'«.-o( 



■C^T-"- 
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10 DIFFERENTIAL CALCULUS. 

(X* \«i 

1 +— +higher powers of « J 






1 



-".-.(■-¥)-■ 



where 2 is a series in ascending powers of x whose first term (and 
therefore whose limit when a;=0) is unity. Henoe 

1 

Ex. 4. FiTid Lt,«xa;i-». 

This expression is of the undetermined form 1"". 
Put l-«=y, 

and therefore, if a; = 1, ^ = ; 

therefore Limit requiredsLe^.o (1 - yY^e"^ (Art. 14). 

I 
Ex.6. Xt.„«a;(a«-.l). 

This is of the undetermined form ao x 0. 
Put x^-, 

y 

therefore, if 2= ao , ^ =0» 

o^-l 
and Limit required=Xey»jo =log«a (Art. 15). 

17. The following Algebraical and Trigonometrical series are 
added, as they are wanted for immediate use. They should be learnt 
thoroughly. 

(l+x)«=l + n.+'Lg^:r'+ "<"-^j<;3-"> :^-^ 

a.= l+.log.a+^^^ + f^(^% 

''=»+'+S+S+ 
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EXAMPLES. 11 



j:* «• X* 
loge(l+r)=a:-- + - - -^ + 

l0ge(l-*)=-«-^-3-;|- 

tan-»«=«-^ + 5- 



0<)8h«[which=^^±^ = l+^ + ||+ 

siiih*[wliich=^^^=*+?J + J+ 

EXAMPLES. 

Find the values of the following limits : 

1 
4. X<«-o • 5. ^«-i ^-^-^+1 • 

fi 7^ ^+^^-2 o f/ arco8J?~log,(l+ ;r) 
o. //^x-o ^ • ^* ^*«-o ^ • 

jrg»-lo g,(l+j; ) , jT^sinorcos ^ 
10. x^s-o ^ • *^« -^^-o ^ • 

_^ y^ ^VDT^x-x .^ r^ coshoT-cosa; 
12. Ltx^o—n • 13. J^«-o • 

_. -^ sin^^o: -- y. sin'^x-sinha? 
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12 DIFFERENTIAL CALCULUS. 

2 






16. Z^x.o- 

1 1+^ 

17. Z«..o ;? . 18. ^^-^ ^^^i^^^i.^y 

19. X...,?^^^. 20. i^..o(^)'. 
1 1 

2L i;«.-»(^ . 22. X«._,(^-j-j. 

i 1 

23. Z*._o(^- 24. X*._.^-^j . 

1 ... 

25. Z«a-o (^v®'^ ^)'- 26. Z<,«5(cosecar)*«*^ 



Digitized by VjOOQIC 



CHAPTER II. 

DIFFERENTIATION FROM THE DEFINITION. 

18. Tangent of a Curve; Definition; Direction. 

Let AB be an arc of a curve traced in the plane of the 
paper, OX a fixed straight line in the same plane. Let 




•P, Qy be two points on the curve; PMy QN, perpen- 
diciJars on OX, and PR the perpendicular from P on 
QN. Join P, Q, and let QP be produced to cut OX 

at r. 

When Q, travelling along tiie curve, approaches in- 
definitely near to P, the limiting position of chord QP is 
called the tangent at P. QR and PR both ultimately 
vanish, but the limit of their ratio is in general finite; 

{orLt^^LttsaiRPQ^LttSiXiXTP^tangentofthe 

(angle which the ta/ngeni at P to the curve makes with 
OX. 
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14 DIFFERENTIAL CALCULUS, 

If y:=s^(x) be the equation of the curve and x, 
ic + h the abscissae of the points P, Q respectively ; 
then MP = ^(x), NQ = «^(a? + A), JXQ = «^(a? + A) - (l>{x) 
and PR = A. 

Thus i,|| = Z..=o^^^:t^^^^>. 

Hence, to draw the tangent at any point (x, y) on the 
curve y = ^{x), we must draw a line through that point, 
making with the axis of a; an angle whose tangent is 

J. 4>{x-^h)-4>{x) ^ 

-^^A=0 T J 

and if this limit be called m, the equation of the tangent 
at P (x, y) will be 

X, Y being the current co-ordinates of any point on the 
tangent ; for the line represented by this equation goes 
through the point {x, y), and makes with tne axis of x 
an angle whose tangent is m. 

19. Def. — ^Differential Coefficient. 

Let <f>(x) denote any function of x, and (l>(x + h) the 

same function of x + h; then Lth^o— r — ^-^ is 

called the first derived function or differential 
coefficient of tf> (x) with respect to x. 

The operation of finding this limit is called differ- 
eiitiating ^ (x). 

20. Geometrical meaning. The geometrical 
meaning of the above limit is indicated in the last article, 
where it is shewn to be f A^ tangent of the angle yfr which 
the tangent at any definite point {x, y) on the curve 
y^<f>(ic) makes with the axis of x. 

21. We can now find the differential coefficient of 
any proposed function by investigating the value of the 
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GEOMETRICAL MEANING. 15 

above limit ; but it will be seen later on that, by means 
of certain rules to be established in Chap. III. and a 
knowledge of the diflferential coeflScients of certain 
standard forms to be investigated in Chap. IV., we can 
always avoid the labour of an ah initio evaluation. 

a^ 
Ex. 1. Find from the definition the differential ooeffioient of — , 

where a is constant ; and the equation of the tangent to the cunre 
Here 0W=^, 



0(x + ;i) = V__i., 
=-^*»-o — r- — =i'<»-o — :; — 



h no, 



a ' 

The geometrical interpretation of this result is that, if a tangent 

be drawn to the parabola ay=x^ at the point (x, y), it will be inclined 

2x 
to the axis of x at the angle tan~^ — . 

a 

The equation of the tangent is therefore 

Ex. 2. Find from the definition the differential coefficient of 
log, sin- , where a is a constant. 

Here (a;) =log« sin - , 

and , . x-hh . . x 
^/ . rx ^/ \ log, sin *-log,sm- 

, X h X , h 

, 8m-cos-+cos-sm- 

y^ 1, a a a a 

=£«... jj log. 

sin- 
a 



=i«».oT log, f 1 +- cot - - higher powers of * j 
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16 DIFFERENTIAL CALCULUS. 

by substituting for sin - and cos - their expansions in powers of - | 
, - cot - - higher powers of h 

=-^'*-"— ^ — J 

[by expanding the logarithm] 

.=-cot-. 
a a 

t/ X 

Hence the tangent at any point on the curve -= log, sin - is inclined 

to the axis of a; at an angle whose tangent is cot - ; that is at an angle 

x- -, and the equation of the tangent at the point x,y\s 

r-y*=cot-(X-a;). 

EXAMPLES. 

Find the equation of the tangent at the point (a;, y) on each 
of the following curves: 

1. y=a^. 2. y=^. 3. y^^/jp: 

4, y=x^-\-a^, 5. y=sina?. 6, y=e*. 

7. y=log,a7. 8, y=tana?. 9. x^-\-y^=<^. 

10. a^/a^+yW^^' 

22. Notation. It is convenient to use the notation 
8x for the same quantity which we have denoted by h, 
viz. a small but finite increase in the value of a. We 
may similarly denote by By the consequent change in the 
value of y. Thus if {x, y), (x + Sa;, y + hy) be contiguous 
points upon a given curve y = ^ (a?), we have 

y + Sy = <l>{x + Zx\ 
and % =^ (a? -f So?)— ^ {x). 

Thus the differential coeflScient 

4>{x-vhx)'-4>{x) 
^*^-^ hx 
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NOTATION. 17 

may be written 

which more directly indicates the geometrical meaning 

m 

'PR 



Li ^^ 



pointed out in Art 18. 

The result of the operation expressed by 
J i>(x + h)'-(l>(w) 

or by -'^^'"O^, 

is denoted by -r- y or -~ . 

The student must guard against iheJuUacious notion 
that dx and dy are separate small qtumtities, as Sx and 

Sy are. He must remember that -r- is a symbol of 

operaiion which when applied to any function ^(^) 
means that we are 

(1) to increase xtox + h, 

(2) to subtra^ the original value of the function, 

(3) to divide the remainder by A, 

(4) to evaitLoie the limit when h ultimately vanishes. 
Other notations expressing the same thing are 

EXAMPLES. 

Find ^ in the following cases : 

1. y=2af. 2. y=2+^. 3. y=2+3^. 

s. D. c. 2 
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18 DIFFERENTIAL CALCULUS. 



4. 




5. 
& 


1 


6l 


,-!.. 


7. 


y=V*»+a^. 


10. 


y=«^'. 


U. 


y=e*'. 


18. 


jr=log.secx. 


13. 


y==ar8mar. 


14. 


sinx 


15. 


y-**- 



23. Aspect of the Differential Croefflcient as a 
Bate-Measnrer. When a particle is in motion in a 
given manner the space described is a function of the 
time of describing it. We may consider the time as an 
independent variable, and the space described in that 
time as the dependent variable. 

The rate of change of position of the particle is 
called its velocity. 

If v/niform the velocity is measured by the space 
described in one second ; if variable, the velocity at any 
instant is measured by the space which would be 
described in one second if, for that second, the velocity 
remained unchanged. 

Suppose a space 8 to have been described in time t 
with varying velocity, and an additional space 8s to be 
described in the additional time Bt Let Vi and v^ be 
the greatest and least values of the velocity during 
the interval U ; then the spaces which would have been 
described with uniform velocities Vi, v^, in time St are 
ViBt and v^Bt, and are respectively greater and less than 
the actual space Bs. 

Hence ^u Tif aJid v, are in descending order of mag- 
nitude. 

m Bt be diminished indefinitely, we have in the 
» Vj s= the velocity at the instant considered, 

therefore represented by i^^ , i.e. by -^ . 
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A RATE-MEASURER. 19 

24 It appears therefore that we may give another in- 

terpretation to a diflferential coeflScient, viz. that -^ means 

the rate of increase of s in point of time. Similarly 

-J- , ^ , mean the rates of change of x and y respectively 

in point of time, and measure the velocities, resolved 
parallel to the axes, of a moving particle whose co- 
ordinates at the instant under consideration are x, y. 
If X and y be given functions of t, and therefore the 
path of the particle defined, and if hx, Sy, Bt, be simul- 
taneous infinitesimal increments of x, y, t, then 

By dy 

^^Lt^^Lt =^ ^ 
dx Sx ex ax 

Si di 

and therefore represents the ratio of the rate of change 
ofyto that of X. The rate of change of a? is arbitrary, 
and if we choose it to be unit velocity, then 

-7^ = -^^ = absolute rate of change of y. 

26. Meaning of Sign of Differential Coefficient. 

If 07 be increasing with t, the a?-velocity is positive, 
whilst, if a; be decreasing while t increases, that velocity 
is negative. Similarly for y. 

dy 
Moreover, since ;p = T" > j^ is positive when x and y 

di 
increase or decrease together, but negative when one in- 
creases as the other decreases. 

This is obvious also fi'om the geometrical inter- 
pretation of -p . For, if X and y are increasing together, 

2—2 
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20 DIFFERENTIAL CALCULUS. 

-^ is the tangent of an acute angle a/nd therefore positive, 

while if, as x increases y decreases, -j- represents the 
tangent of an ohtuse amgle and is negative. 

26. The above article frequently affords important 
information with regard to the sign of a given expression. 
For if, for instance, <f>(x) be a continuous function which 
is positive when x = a and when a?= 6, and if <j>'(x) be 
of one sign for all values of x lying between a and b so 
that it is known that <f> (x) is always increasing or 
always decreasing from the one value ^ (a) to the other 
<f>(b), it will follow that <f>(x) must be positive for all 
intermediate values of x, 

Ex. Let 0(a;) = (a:-l)e«+l. 

Here 0(O)=Oand ^- (x)=Lf,,o ^''^^"^^T"^''"^^'' 

n 

r, { x + k-l)(l-\-h+...)-{x-l) - 
=l^«A-0 ^ ^ 

^+ higher powers of fc - - 
=-^«A-o s c*=«<r. 

So that tf>' (x) is positive for aU positive values of x. Therefore as x 
increases n:om to oo , ^ (x) is always increasing. Hence since its 
initial value is zero the expression is positive for all positive values 
of X, 

EXAMPLES. 

L Differentiate the following expressions, and shew that 
they are each positive for all positive values of a; : 
(i) (^-2)««+^+2, 

(ii) (^-3)€«+~+2^+3, 
(iii) ^-loge(l+^). 

X 

2. In the curve ^=ce«, if ^ be the angle which the tangent 
at any point makes with the axis of ^, prove y =c tan yft. 

3. In the curve y =c cosh - , prove y =c sec ^. 

c 
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EXAMPLES. 21 

4. In the curve Zl^^a^- Zax^ find the points at which the 
tangent is parallel to the aids of x. 

[N.B.— This requires that tan^=0.] 

5. Find at what points of the ellipse x^la^-\-y^ll^=^\ the 
tangent cuts off equal intercepts from the axes. 

[N.B.— This requires that tan ^= ±1.] 

6. Prove that if a particle move so that the space described 
is proportional to the square of the time of description, the 
velocity will be {>roportional to the time, and the rate of increase 
of the velocity will be constant. 

7. Shew that if a particle moves so that the space described 
is given bv « oc sin^i^, where /a is a constant, the rate of increase 
of the velocity is proportional to the distance of the particle 
measured along its path from a fixed position. 

8. Shew that the function 

0? sin ^ 4- cos ^ 4- cos^ a; 
continually diminishes as x increases from to fr/2. 



9. If y=2:p-tan-ia7-loge(^+Vl+^), 

shew that y continually increases as x changes from zero to 
positive inmiity. 

10. A triangle has two of its angular points at (a, 0), (0, 5), 
and the third (or, y) is moveable along the une y^x. Shew that 
if il be its area ^a 

and interpret this result geometrically. 

11. If ^ be the area of a circle of radius x. shew that the 
circumference is -^ . Interpret this geometrically. 

12. is a given point and NP a given straight line upon 
which ON is the perpendictdar. The ^ius OP rotates about 
with the constant angular velocity «. Shew that NP 
increases at the rate 

«.Oirsec«irOP. 
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CHAPTER III. 

FUNDAMENTAL PROPOSITIONa 

27. It will often be convenient in proving standard 
results to denote by a small letter the function of x 
considered, and by the corresponding capital the same 
function of a? + A, e.g. if u=^<f>{x\ then U=<f>(x + h), 
or if w = a* then U = a*+*. 

Accordhigly we shall have 

du J U—u 

dv J. F — V 

etc. 
We now proceed to the consideration of several im- 
portant propositions. 

28. Pbop.I. The Dlfflsrential Coefficient of any 
Oonitant is lero. This proposition will be obvious 
when we refer to the definition of a constant quantity. 
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FUNDAMENTAL PROPOSITIONS. 23 

29. Prop.II. Product ofConitant and Function. 

The differential coefficient of a product of a constant and 
a function of x is equal to the product of the constant 
and the differential coefficient of the function, or, stated 
algebraically, 

d . V du 

dx ^^^ "^ *"^ — h — "^ *'^ ~ir~ 

"" dx* 

30. Prop. ni. Differential Coefficient of a Sum. 

The differential coefficient of the sum of a set of functions 
of X is the sum of the differential coefficients of the several 
functions. 

Let u, V, w, ..., be the functions of x. and y their 
sum. 

Let ?7, F, TT, ..., F be what these expressions 
severally become when x is changed to x + k 
Then y = u + v + w+ ... 

F=Cr+F-hF + ..., 
and therefore 

F-y = (£r-w) + (F-v) + (F-i(;)+...; 
dividing by A, 

y-y ^ U-u F-y W-w 
h h h h 

and taking the limit 



dy du dv dw 



dx dx dx dx 

If some of the connecting signs had been — instead 
of + a corresponding result would immediately follow, 
e.g. if 
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24 DIFFERENTIAL CALCULUS. 

., dy _du dv dAV 

dx dx dx dx 

31. Prop. IY. The Differential Ooefflcient of 
the product of two Ainctions is 

{First Function) x {Diff. Coeff. of Second) 
+ (Second Function) x {Diff, Coeff. of Fir8t\ 
or, stated algebraically, 

d{uv) _ dv du 
dx " dx dx' 

With the same notation as before, let 

y^uv, and therefore F== UV\ 
whence Y — y^ UV — uv 

therefore — j-^ = u — j f- V — t — , 

fi ti n 

and taking the limit 

dy_ dv du 
dx dx dx' 

32. On division by t^v the above result may be written 

1 dy ^1 du Idv 
y dx" udx V dx' 

Hence it is clear that the rule may be extended to pro- 
ducts of more functions than two. 

For example, if y = uvw ; let vw = z, then y^uz. 

,rm- 1 dv Idu \dz 

Whence -j^ = -t- + -t-> 

y dx udx z dx 

Kt 1 dz _1 dv 1 dw 

z dx" V dx w dx * 
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FUNDAMENTAL PROPOSITIONS, 25 

whence by substitution 

1 dy Idu \ dv 1 dw 
ydx udx V dx w dx' 

Generally, if y = umvt. . . 

Idy _ldu Idv ,^dwl dt 
ydx^udx V dx w dx t dx '"* 

and if we multiply by uvtut. . . we obtain 

ie. multiply the differential coefficient of each separate 
function oy the product of all ike remaining functions 
and add up all the results; the sum will be the differ- 
ential coefficient of the product of all the functions. 

33. Prop. V . The Differential Coefficient of a 
quotient of two Amotions is 

{IHff, Coeff, ofNumT,) {Den'',) - (Biff. Coeff, ofPenT,) jNumr.) 
Square of Denominator 

or, stated algebraically, 

du dv 
d /u\ ax dx 
dx \v/ ~ v^ 

With the same notation as before, let 
y = - , and therefore F== y-, 

whence y-y^y'- 

Uv-Vu 



Vv 
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26 DIFFERENTIAL CALCULUS, 
F— — h~'^ h — ^ 

therefore — r-- = ip , 

A Vv 

and taking the limit 

du dv 
dy dx dx 
da?"" i^ 

34. To illustrate these rnles let the student recall to memory the 
differential coefficients of x^ and alog^sin - established in Art. 21, viz. 



2x and cot - respectively. 


Ex. 1. Thus if 


y=««+alog,sin^, 


we have by Prop. III. 


^=2x + cot?. 
dx a 


Ex. 2. If 


v=«3xalog«sin-, 
a 


we have by Prop. IV. 


~ = 2x X o lofosin - + as^ cot - 
dx ^ a a 


Ex. 3. If 


alog«sin~ 




^ x« ' 


we have by Prop. V. 


_ d:'.cot--2a;.alog,Bin- 
dy a *^ a 


(te" X* 




EXAMPLES. 



[The following differential coefficients obtained as results of 
preceding examples may for present purposes be assumed : 

y=^i yi=4ip8- y=iog.^, yi=-. 

y=V^, yi=r"T^- y=tana?, yi=sec*a?. 

2 y iP 

y=sin^, y^scos^. y=log«sin;r, yi=cota?.] 
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FUNCTION OF A FUNCTION. 27 

Differentiate the following expressions by aid of the for^;oing 
rules: 

1. sfimsix, a^eFf 4?*log,d:, a^iaxix, a^log^anx. 

2. j^/anx^ mnx/x^, sind:/<*, <*/sina?. 

3. tanx.loggsinor, 0*log«4r, sin'x/oosx. 

4. a^^anXf xtanxlog^x, 

5. a^smxl^y sfiltFeanx^ lIsfitFsmx. 

6. ^*Jx,msiXy 3tan:r/V^> 5+4€*/V^. 

7. «*(^+ViX (a:»+ar*)(««log.;r). 

35. Function of a Amotion. 

Suppose ^^/(t') (1), 

where v^^{x) (2). 

If rD be changed to a? + &r, v will become t; + Sv, and 
in consequence u will become u + hu. 

Now if V had been first eliminated between equa- 
tions (1) and (2) we should have a result of the form 
u^F{x) (3). 

This equation will be satisfied by the same simul- 
taneous values x-\-Zx, u + Su, which satisfy equations 
(l)and(2). Also 

Sx^Jv ' Bx' 
and proceeding to the limit 

X^i«aOT~ =* j~ ^ obtained from equation (3), 
Lt^^o 5~ = j~ ^ obtained from equation (1), 
Xtto=oTT = J- as obtained from equation (2). 

rrn^ du du dv 

Thus j-= J- • J-- 

ax dv ax 
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28 DIFFERENTIAL CALCULUS. 

36, For instanoe, the diff. coefl. of «* ^ ^* I Art 21 

and of logcSino; is oot x,\ 

Suppose tt=(log«siIlx)^ i.e. v' where t;=log«8ina;, then 

du du dv ^ . « . , 

^- = :=-. ^-=2t;.cotx=2cota?.log,sinx. 

dx dv dx ^ 

37. It is obvious that the above result may be 
extended. For, if t* = ^(v), v = '^(w), w =/(^), we have 

du _ du dv 
dx'^dv ' dx* 



but 



and therefore 



dv _^dv dw 
dx"^ d/u) ' dx ' 

du _ du dv dw 
dx" dv ' dw ' dx' 



and a similar result holds however many functions there 
may be. 

The rule may be expressed thus : 

d{lttFum.) _ djUtFune.) d (2nd Fune.) d{La8tFtme,) 
dx ■" d {2nd Func.) * d {drd Ftmc.) "* dx 

or if u = <l>[-^{F(Ml 

g = f [^ {F(M] X ^' IFifa,)} X F' ifx) xfx. 

Thus in the preoeding Example 

d(log«sin£)' d(logcSina;)' dlofutaixx _, 

-X_o? L = \ p* . — L.. — ^ = 2 log, sin «. cot a. 

dx d(log«8ina;) dx ^ 

Again, 

d (log, sin a:*) _ d (log, sin ar*) dsin^ daj* 
dx " d(8ina^) da^~ * d« 

=s -: — ^o . oos «• . 2a: = Sj? oot ar*. 

nin T» 
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INTERCHANGE OF THE VARIABLES, 29 

38. Interchange of the dependent and inde- 
pendent variable. If in the theorem 

du _ du dy 
dx^ dy dx 

we put u^x, 

., du dx J-, (x + h) — x ^ 

*«° ^ = 5^='^**=» h ^' 

and we obtain the result 

dy dx_^ 
dx ^ dy~~ * 

dy^ 1 
dx dx' 
dy 

39. The truth of this is also manifest geometrically, 

(Xi/ dx 

for -~ and -r- are respectively the tangent and the co- 
tangent of the angle ^jr which the tangent to the curve 
y =/(x) makes with the x-Sixis, 

40. This formula is very useful in the differentiation 
of an inverse fiinction. 

Thus if we have y ^f-^x), 

and |=/<y)' 
a form which we are suppoeiiig to have been investigated. 
Thus ^ - - 
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30 DlFPEBMNTlAL CALCVLCS. 

EZAHPLES. 

Aflsuming as before for present purposes the following dififeren- 
tial coefficients, 

write down the differential coefficients of the following com- 
binations : 

1. ^, «-*, sin'jT, Vsinj?, Vlog, a?, Vtanor, sin\/S. 

2. «•»»*, «*«*, c«^, tf^, «>»*« 

3. log<sin;r, loggtanjr, logiV^* loggOT^. 

4. sinlogt^, tanlogc^, Vsinlogg^, «/sin\/^, loggsinv^. 

5. log, V sin V^, tan log, sin e ^'• 
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CHAPTER IV. 

STANDARD FORMS. 

41. It is the object of the present Chapter to 
investigate and tabulate the results of differentiating 
the several standard forms referred to in Art. 21. 

We shall always consider angles to be measured in 
circular measure, and all logarithms to be Napierian, 
unless the contrary is expresdy stated. 

It will be remembered that if m = ^ (a?), then, by the 
definition of a differential coefiScient, 



42. Differential Coefficient ofaf^. 

If u=^<l>(x) = a^, 

then </) (^ + A) =; (a? 4- A)^ 

and -^L%,y.^ 

(l + ^y-1 



h 

Now, since A is to be ultimately zero, we may consider 
- to be less than unity, and we can therefore apply the 
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32 DIFFERENTIAL CALCULUS. 






1 H — ) > whatever be the 
value of n ; hence 

du J.. of* ( h n{n-^l)h? 

n(n-l) (rt~2) fe^ 
'3! 

= i^^„o w^**"^ j 1 + - X (a convergent seriesyt 
43. It follows by Art. 35 that if w = [<^ (aj)]» then 

KXAWTPLTO. 

Write down the differential coefficients of 
L ^, a;i», ar\ iT-w ;r*, a^, ^, a;-*, 4/^. 

2. (^+a)*, ^+rt*, ^*+a*, -i-, -7=^=. 

3. ((W7+6)* a^+6, (aa7)»+6, a(;r+6)*, rt*(x+6). 

- , a^ sfi a^ sfi 

4. l+«+- + - + _ + _+ 

- a+btjx ^/a+^/x ^a+^x 
o. 



cV? *Ja—^Jx ija—sfx 






6. "^XtxXa ' (^+a)'(^+ft)S (^+aW(^+6)«. 

41 Differential Coefficient of a*. 

If w = ^(a?) = a* 
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STANDARD FORMS, 33 

J du y. a*+* — a* 
^^ di = ^^*-« A 

= a* log«a. [Art. 15.] 
Cor. 1. If w= ^, -7- = ^ logee!=eF. 
Cor. 2. It follows by Art. 85 that if u = ei^('\ then 

45. Differential Coefficient of logao;. 

If u = ^ (a?) = loga^, 

^ (a? + A) = log«(a? + A), 

and ^^j^^^Jo^a(a^+h)-logaa^ 

dx h 

= Xe.=o^log<.(l+^). 
Let ^ = -2^, SO that if A = 0, 2r = oo; therefore 

= -logae. [Art. 14] 

Cor. 1. If M = logea?, ^ = -logee = -. 

Cor. 2. And it follows as before that if 

w = loge^(a?), 

,, du d/(x) 

then X-=^7^- 

E. D. C. 3 
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34 DIFFERENTIAL CALCULUS. 

EXAMPLES. 

Write down the differential coefficients of 

1. 6*», «-*, ^ cosh a?, sinh^, _^ , 

2. logVi, log(j7+a), log(flwr+6), log(a^+fca?+c), 

, 1+A' , 1+d^ ^ 

logj— ^, logj^:^, log.a. 

3. <^(^), *(log^), [<^(ir)]i, [<^(a+^)]-, <^[(a+^)*]. 

4. «*log(^+a), ^«*, «*.«*, 2*, ^* (degrees). 

5. log(4r+«*), «*+loga7, • e^/logx, 

6. <!*^', log(^c«), logo;*. 

46. Differential Coefficient of sin x. 

If u = <^ (a?) = sin fl?, 

^ (a? 4- A) = sin (x -f A), 

J dtt y, sin (a? + A) — sin a; 

and -J- = X/t^so 



1 



2 sin ^ cos I 



Sin ^ , 

= i<*=o -^ cos (x + ^ j 

2 

= cosa?. [Art. 11; I.] 

47. Differential Coefficient of cos a. 

If u=^<l>(x) = cos a?, 

</) (d? 4- A) = cos (a; 4- A), 

and 5i = ^«*-o ^ 
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STANDARD FORMS, 35 

. h 

2 
= — sin iv. 

Cor. And as in previous cases the differential 
coeflScients of sin ^ (od) and cos ^ (a?) are respectively 

cos ^ (a?) . ^' (a?), 

and — sin ^ (aj) . if} (a?). 

BXAHPLES. 

Write down the differential coefl&cients of 

1. sin 207, sinn^, sin*^, sin^'*, sin V^. 

2. vsinVJ, log sin ^, log sin V^, e^*, e^^*, 

3. sin"* 4? cos* a?, sin"»4?/cos*^, sin* (wo;*), e'^sinba;, 

4. sin a; sin 2^7 sin 3^, sin ;r . sin 2^/sin So?. 

5. cos x cos 2a? cos 3iF, cosi* cuv . cos« 6a; . cos*" ex. 

48. The remaining circular functions can be differ- 
entiated from the definition in the same way. It is a 
little quicker however to proceed thus after obtaining 
the above results. 

/•\ xr 4. sin a? 
(1) If V = tan x = , 

^^ ^ COSiU 

, -T-vsma?) . cos ^ — ;?- (cos x) sma; 

etc "" cos* X 

cos* a? -h sin* a; 

= 2 = see* a, 

cos* a? 

3—2 
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36 DIFFERENTIAL CALCULUS. 

/"\ rr X COS a: 

(u) If y = cotar = _^, 

dy _ (— sin x) sin x — cos a; (cos x)_^ 

-= — ; — . — COSCC^flJ. 

ax sm*x 

(iii) If y = seca7 = (cosa:)~^ 

^y / i\ / \_«^/ \ sin X , 

-5^ = (— 1) (cos 0?)^ J- (cos X) = — r— = sec a? tan x. 

dx ^ ^^ ' dx^ ' cos'a? 

(iv) If y = cosec a? = (sin a?)"^ 

dv , , X / . x_« d / . V cos X , 

3^ = (— 1) (sm xY^ J- (sin a?) = — -t-— = — cosec x cot x. 
da? ^ ^^ ^ dx^ ^ sm^x 

(v) If y = vers a? = 1 — cos a?, 

^=sina?. 
dx 

(vi) If y = covers a? = 1 — sin a;, 

dy 

-5^ = — cos a?, 

49. Differentiation of the inverie ftmctions. 

We may deduce the differential coefficients of all 
the inverse functions directly from the definition as 
shewn below. 

For this method it seems useful to recur to the 
notation of Art. 27 and to denote ^(x + h) by U. 

60. Then if w = ^ (a?) = sin~"^ x, 

U- <l> (x+ h) = sin-i(a? + A). 
Hence a? = sintt, and x + h^smU; 

therefore A = sin CT — sin w, 

J du j.^ U-u J.. U—u 



dx ~ ^"^"^ h ""•'^=**sin U-miU 
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STANDARD FORMS. 37 



= Ltu=:V 



Ism 



2 



cos- 



1 



2 



1 1 



cost* Vl-sin^w Vl-^' 
and the remaining inverse functions may be differen- 
tiated similarly. 

61. But the method indicated in the preceding 
chapter (Art. 40) for inverse functions simplifies and 
shortens the work considerably. 

Thus:— 

(i) If w=sin"^a?, 

we have a? = sin tt ; 

• dx 

whence -j- = cos u ; 



and therefore 



dx ^ cost* ^/l-sin»t* 7l-aJ»' 
du 



and since cos""^ a? = — — sin~^ a?, 

• d COS"* X 1 

we have 



(ii) If t* = tan~* x, 

we have a? = tan u ; 

whence j- = sec* t* ; 

du 

and therefore -7- 



cfci? sec*t* l+tan*i* l + a?*' 



and since cot""*a7 = ^ —tan""* a?, 
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38 DIFFERENTIAL CALCULUS. 

, d cot"^ X 1 

we have — j = -- ■, . ^ . 

ax 1 + ^ 

• (iii) If ti = sec~^ Xy 

we have x = sec u ; 

, da? 

whence -j- = sec w tan u ; 



and therefore 



da _cos'^ 
c2a; sin 



""V^ ^^^' 



TT 



and since cosec"^ ^ ~ 9 "" sec""^ x\ 

, d (cosec""^ x) 1 

we have — ^^ — 3 ^ = 7= • 

cw? a? Va?" - 1 

(iv) If u — vers"* a?, 

we have a? = versw= 1 — cosw; 

, dx 

whence -r- = sin w ; 



and therefore 
whence also 



du 
du 



dx" siau" ^l^coa^u J2x-a^' 
d covers"* x ^ 1 

dx "" J^-a^' 



BXAHPLE8. 

Write down the differential coefScients of each of the follow- 
ing expressions : 

1. sec a;*, sec"* a;*, tan^, tan~*4^, versa;*, vers"* a;*. 

2. tan-*c*, tan 6*, log tan a?, log tan"* a?, log (tan 4?)"*. 

3. vers"*-, vers"*(a;+a), tan"*-, cos"*r--— s. 

a' \ /> ^> 1+a^ 



4. Vcovers^, tan^^, (tan-*a?P)«, a? log tan ~* a:. 

5. tan.tr. sin ~*.r, sec"* tan a?, tan~*seca?, €*sin~*4?. 
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52. Table of Results to be coiiMiTTED to 

MEMORY. 

ax 



u = log^ic. 
u^smx. 

U = G08X. 

w = tana:. 

lis cot 07. 

u = sec X, 
u = co8ecx, 
u =5 sin""* X, 

U =» COS""* X. 

u = tan~* X, 
tt = cot'"*a?. 



^ = a*log^. 

du 1, 

du ^1 

dx" x' 

du 

-r-=C08a?. 

cur 



T- = — 8111 a?. 
dx 



du 
dx 



= sec*a?. 



du 

J- = — cosec" 0?. 

dw_ sin a? 
da? co£J"a?* 
dM__ cos a? 

dx" jTir^ 

du 1 



^ 7l-a?« 
dii 1 
dx^TT^ 
du __ 1 
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du 1 



u = sec~"^fl7. 



dx xja?-l 



du 1 

u = cosec""^ X. -=- = —- 



dx xJa^-1 



du 1 

u = vers~^ a?. -T- = - 



d^ J2x-a^ 

, di^ 1 

w = covers"* ic. -j- = — 



^ ^/2a?-a^^ 



53. The Form u^ Logarithmic Differentiation. 

In functions of the form w^ where both u and v are 
functions of x, it is generally advisable to take logarithms 
before proceeding to differentiate. 

Let y = u^, 

then log«y = v logeU ; 

therefore - j = 3- . log^w + v . - j- , Arts. 31, 45, 
ydxdx^ udx 



or 



da? ~ V °* ' do? u dx) ' 
Three cases of this proposition present themselves. 

I. It V be a constant and u a function of ^> gz =* ^ 
and the above reduces to 

^ = ^.^1^-1^ 
do? ' dx' 

as might be expected from Art. 43. 
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oAJL 

II. li uhe a constant and v a function of a?, -r- = 

and the general form proved above reduces to 
dy ^ , dv 

as might be expected from Art. 44. 

ni. If u and V be hoik functions of x, it appears 
that the general formula 

dy , , dv ^ ^^du 

is the sum of the two special forms in I. and II., and 
therefore we may, instead of taking logarithms in any 
particular example, consider first u constant and then v 
constant and add the results obtained on these supposi" 



Ex. 1. Thus if y = (sin a?)*, 

logy=«logBm«; 

therefore - ^=: log sin a; + a; cot x, 

y dx ^ 

dm 
and ^=(sina:)*{logBma:+a;ootx}. 

Ex. 2. In cases such as y = ^ + (sin a;)*, we cannot take logarithms 
directly. Let u^aa^ and v = (sin a?)*. 

__ ^y _ ^ I ^ 

dx da dx* 
But logtt=xloga;, 

and log V = a; log sin x; 

whence ^=a;*{l+loga:}, 

and ^= (sin a?)* {log sin a? +« cot a?}, 

and .-. ^=«*{l+loga?} + (sinx)*{logsina:+a?cota?}. 

The above compound process is called Logarithmic 
differentiation and is useful whenever variables occur 
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as an index or when the expression to be differentiated 
consists of a product of several involved &ctors. 

KXAWTPLBS. 

1. Differentiate a?"*"*, (sin-i^)« of*, aP». 

2. Differentiate (sinar)«»*+(cosa?)'>»*, {tdxixf+x^', 

3. Differentiate tan^xlog;rX6*xa;*x V<^* 

54. Tramformations. Occasionally an Alg:ebraic 
or Trigonometrical transformation before beginning to 
differentiate will much shorten the work, 
(i) For instance, snppose 

We observe that y=2tan~^a;; 

dy^ 2 

dx l-¥x^' 

l+g; 

1-0?' 

Here y=tan-ia;+tan"il, 

dy_ 1 
dx^l-^a^' 

(m) If y = tan-i ^. — ; 

1 /iH? 
we have y=tan-i ^A_^ = 4"*^'^ V r+^"i"2 ' 

• ^_ ^ 

EXAMPLES. 

Differentiate : 

4. tan-i-7=^=^. 5. e^', 6. sec"' ^ 



whence 

(ii) Snppose y=tan-^ 
9re 
and therefore 
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7. sectan-i^i?. 8. cos"^ ^""^ . 9. sin-i(3ar-4a;5). 

56. Examples of Differentiation. 

Ex. 1. Let y=/v/«, where ;e is a known fonotion of x. 
Here y—z^^ 

and ^=i,-i=J_ 

1 d« 

~24z'dx' 

This form oectirv <o o/%m t^ot tt trilZ &« found eanveinent to 
eomimt it to memory. 

Ex.2. Let y=«V~^. 

Here d{e^^ ^ ^(gVSti) d(Vi5t"g) d(oota?) 
^ d(^Qoix)' d(Qoix) dz 

"^" r.(-OOBeO*«). 



2Voota? 

Ex.8. Let y=(sina?)»°«*oot{«*(a+6a?)}. 

Taking logarithms 

logy=loga?.logsina:+logcot{«*(a+6«)}. 

The differential coefficient of log v is - ^ 

y dx 

Again, log a? . log sin a: is a product, and when differentiated 
becomes (Art. 31) 

1, . , 1 

-logsma?+logx. . — .cosa?. 
« sma? 

Also, log cot {«* (a+6x)} becomes when differentiated 

cot{e«(a+ftx)} ''^"'^^^^<^+^^)n'{^(^+^^) + ft^}; 
•• ^=(sm«)**«*.cot{e«(a+5a:)} [^ log sin x+ cot x .log* 

- 2<« (a + 5 + 6a;) cosec 2 (««^+6a:)n . 
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Ex. L Let y = Va*-&^co8»(logx). Then 
dy_ <fVa8-62eos2(loga;) d {pg - 6« coflg (log a;)} d{oo8(logg)} 



da; d{o2-taco82(loga!)} ^ 4i{coB(log«)} /" ^(loga:) 

fl[(log«) 
"" dx 

=J{a*~62oog2(ioga.)}-*x { -262cos(loga;)} x { -sin (log a?)} x - 

- &'sin2(loga;) 



2a?Ayo2-6«oo82(loga;) 










Ex.5. 


Differentiate a^ wlHi r^sard to x^. 




Let 


X^z 


=z. 








en 


dz '' 


^ dx ' 

-1" 


dx 
dz' 


dx^ 
dx 

dx 


5x^ 
2x 



56. Implicit relation of x and y. So far we 
have been concerned with the case in which y is ex- 
pressed explicitly, ie. directly in terms of a?. 

Cases however are of frequent occurrence in which 
y is not expressed directly in terms of x, but its 
functionality is implied by an algebraic relation con- 
necting X and y. 

In the case of such an implicit relation we proceed 
as follows : — 

Suppose for instance 

a^-^y^^Mxy, 

then 3^+%^| = 3a(y.F..|), 

i.e. 3 (a^- ay) + 3 (y^-cwj) ^ = 0, 



givmg 



dy ^ a^ — ay 
dx y^ — ax' 
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57. Partial Differentiation. It will be per- 
ceived in the foregoing example that the expressions 
3 (ic" — ay) and 3 (y* — ax) occurring are algebraically 
the same as would be given by differentiating the ex- 
pression a^+y^—Saay first with regard to a?, keep- 
mg y a constant, and second with regard to y, keeping 
X a constant. 

When such processes are applied to a function/(a?, y) 

of two or more variables the results are denoted by the 

df df 
symbols ^ > ^- Thus in the above example 

and ^=3(y'-aa;). 

This is termed partial differentiation, and the results 
are called partial differential coefficients. 

58. A general proposition. It appears that in 
the preceding example 

dx dy dx ' 

dy dx 

dy 

This proposition is true for all implicit relations between 
two variables, such as /(a?, y) = 0. 

Suppose the function capable of expansion by any 
means in powers of x and y, so that any general term 
may be denoted by Ax^y^. 

Then /(a?, y) = XAxPy^ = 0. 
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Then differentiating 

or tApa^^y^ + (ZAqivP j/9-i) ^ = 0, 



dx 



ax oy dx 




Ex. If /(x,y)=««+x*y+y»=0, 




we have ^=6«*+4a^, 




|=^.-3,»; 








EXAMPLES. 




Find ^ in the following cases : 




1. ;r3+3^=a8. 2. ^+y»=a». 
4. log^=^+y«. 5. ^.y*=l. 


3. ^J'^^. 
6. a7i'+2^=l 



59. Elder's Theorem. 

If u = Aaf^if + Baf^jf' -\- ... = ^Aaf^ff, say^ where 
a + ^ = a' + /3'=:...=n, 

to show that a?7r- + 7^^- = ^^. 

By partial differentiation we obtain 
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then Xj-"\-y-^^ l^Aotai^y^ + ^A/3a!*y^ 

^XA(a + l3)afyP 
= nXAafy^ = nu. 

It is clear that this theorem can be extended to the 
case of three or of any number of independent variables, 
and that if, for example, 

u = Aafy^zy + BafY'zy' + . . ., 

where a + )8 + y = a' + )8' + y'= ... =r?, 

., -11 du ^ du ^ du 

then will a;7^+V:?r- + '8r7r- = nw. 

dx ^ dy dz 

The functions thus described, are called homogeneous 
functions ofthe n^ degree, and the above result is known 
as Euler's Theorem on homogeneous functions. 

EXAMPLES. 

Verify Euler^s theorem for the expressions : 

EXAMPLES. 

Find ~ in the following cases : 

1. y=3^- 2. y=y^+^. 3. y=0^^»+F. 

9. y=tan-i(logdr). 10. y^sinar*. 

IL y=sin(<«)loga7. 12. y=tan-i(««)logcot^. 

13. y«=logcosh^. 14. y=vers-Uog(cota?). 
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15. y=cot-i(cosec^). 16. y=sin-i— i=^. 

'S/1+^ 

17. y=tan-i-— =.. 18. y^{^ixi-^x)^(coH'^x)\ 

19. y=sin(6»logA').Vl-(log^)2. 20. y= g)"'('i + log^V 

21. y=&tan-i('ftaii-i^V 22. y^ ^^"'^ 

23. y=cos('«sm-iiV 24. y=sin-i^±i^?^. 

V ^/ "^ 6+acosa?- 

25. y=6*»»~''«log(sec2^). 26. y=e««cos(&tan-ia;). 

27. y=tan-i(a««.^). 28. y=sec(loga V^+^). 

29. y=tan-i^+Jlogi±|. 30. y=log(loga7). 

31. y=log*(a7), where log* means log log log... (repeated n times). 

- vM-a+VF-atan- 

32. y=-^^log— 1, 

vo+a-vo-atan- 
2 

33. y=sin-i(:t?Vr^-V^Vr=^). 34. ^=1010*. 

35. y=e^. 36. y^^. 37. y = ^. 38. y=^. 

1 
39. y=a;«+^. 40, y=(cot:t?)~'*+(cosh^)«*«. 

41. y=tan-i(a««a;««"*)^^. 42. y=8in-i(e*«-'*). 

l+a?t 

43.V=y(l+oos;)(l-sin;). 

44. y=tan-iN/v^+cos-i^. 45. y=-( ^"^^^Y^ 

46. 3^=(cosa7)«>t»*. 47. y=(cot-i4r)i. 

«• y=(l+3'+^'*- 49. y=6tan-ig+taii-i|). 
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50. tan y =««**« sin ^. 51. cux^+2hxy-\'hy^=l, 

52. eyJ^l±^0^, 53. (cos^)^=(smy^ 

54, x=e^'^~^. 55. a7=ylog^. 56. y—pc^, 57. y^afl^. 
58. y=^log^:^- 59. a^+2A^+6y2+2^a?+2;^-fc=0. 
60. a7^=(4r+y)'»»+* 61. y=6*»»"*«'logsecaa;3. 

63. Diflferentiate log^Q a? with regard to x^, 

64. Diflferentiate (a?* + ow? + a^)* log cot f with r^ard to 

tan-^ (a cos hx), 

65. Diflferentiate a?"*"""'* with regard to sin-i^r. 



66. Diflferentiate tan"* with regard to tan-i x, 

X 

67. Diflferentiate Vl-f^+ Vl^ ^^ ^^ ^ VTI^. 

68. Diflferentiate sec-ig^-y with regard to Vl^^. 

X 1 

69. Diflferentiate tan-* with regard to sec~* j 



70. Diflferentiate tan"* fZli ^*^ r^ard to sin"* ,-3—5 . 

7L Diflferentiate af^ log tan"*:t? with regard to — ^. 

72. Ify=^** " prove a?^ = r — ^^= . 

^ '^ ax l-ylogor 



E. D. C. 
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73. Ify=f. ^ ^ prove^ = i 2^ 

l + ...tooo, ^ij^-t X ' 

x+ ... 

75. If y= -Y sin:r+ v sin x+ >Jmnx+ Vetc. to oo , 

yi=coB*/(2y-lX 

76. If S^=thB sum of a a. F. to n terms of which r is the 

common ratio, prove that 

7a Given (7=1 + r cos tf+'^^ + tl^+... 
and ^=rsm^4~ 2^ — + — gj— + ••• 

shew that o^+^^=(OH/S'«) cos^ ; 

79. If y = sec 44?, prove that 

80. If y=e-«*sec-i(a7 Vj?) and «*+«;««=:»«, find ^-^ in terms of 

ax 
^ande. 

81. Prove that if a? be less than unity 
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82. Prove that if 4; be less than unity 

83. Given Euler's Theorem that 

X<^COSgCOflpCOS2-,...COS2;i=-^, 

prove -tan- + 2|tan23 + ^tan23+...adin£=--cot^, 
and 2jSec«| + 2|Sec>|^ + 2^sec2^+...adinf:=cosec«^-^. 

84. Differentiate logarithmicallv the expressions for sin^ 
and coB^ in faotors^ and deduce the sums to in&uty of the 
following series 

(«) ^Zp + ^.2V'*'^-3V*'^-4«,r»"*" 

(^ ^+TTP+r|2i+iT^+ 

85. Sum to infinity the series 

1+^2 1^.^4 + 4 1+^ + 81+^+ 

86. If H^ represent the sum of the homogeneous products 
of n dimensions of x^ y, z^ prove 



4—2 
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SUCCESSIVE DIFFERENTIATION. 

60. When y is a given function of a?, and -J^ has 

been found, we may proceed to differentiate a second 

time obtaining 3- f;^ ) • This expression is called the 

second differential coej^dent of y with respect to x. 
We may then differentiate again and obtain the third 
differential coefficient and so on. 

The expression j- (3^) is abbreviated into (-r-j y 

Thus the several differential coefficients of y are 
written 

dy ^ ^ d^ 
dx' d^' d^''"d^"" 

They are often further abbreviated into 

Viy y2> yzy-'-yn"" 

Ex. 1. Thus if y^s^y we have 

y2=n(n-l)aj*-a, 
y,=n(n-l)(n-2)a^-», 
and generally yr=^ (^ " l)- -(^ - r + 1) «*"'', 
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Ex. 2. If y=tan:c, 

y2=2yyi=2(y+y»), 

2^3=2 (1+V)yi=2(l+V+V). 
2^4=2 (8y + 12y») 2/1=8 (2y + ^^+^% 

Ex.8. If y=(8in-ia;)8, 

2^1=2 (sin-la?)/ Vl-«V 
/. squaring, (1 - x») y^=iy. 

Hence differentiating, (1 - x^ 2^iy2 - 2x^1^=4^1, 
and dividing by 2yi, (1 -a?)y^- xyi=2, 

61. Standard results and processes. 

The n^ dififerential coefficient of some functions are 
easy to find. 

Ex. 1. If y=ei^ we have yi=a«<»*, y^=a?e^, 

Cob. i. If a=l, 

y=«*, yi=«*, ya=«*» y«=«*- 

Cob. ii. 2/=a*=«*^'*; 

2/1= aog.a) 6*1<«.« = (log.a) a«; 
2/8= (log.a)a e«lo8*«= (log.a)> a*; 
eto.=eto. 
yn= Gog#a)*«*^^*= (log.a)»o«. 

Ex. 2. If y=loge(x+a); 

_ 1 _ 1 _ (-l)(-2) 

^1"^+^' ^^^--^T^a' ^« — (5+^' 

(-l)(-2)(-8)...(-n+l) 
^*'" (a?+ar 

'^ (a:+o)* 



r. T^ 1 (-l)»nl 
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Ex. 3. If y=8in(a«+&); 

^i=:aoo8(ad;+&)=a8inf ox + b+n ) » 

y,=o«Bin f oa;+6 + y \ ; 

Similarly, if y=oos(aj;+^9 

y^=a»cos f a« + 6 + ~ j . 
Cob. If a=l and 6=0; 

then, when y=8ina;, y,^=sin (a;+-5- J; 

and, when y=ooBa;, y,^=oo8 f ^H--^-). 

Ex. 4. If y=««*Bin(6aj+c); 

^j = ae<^ sin (te + e) + &«^ 008 (do; + c). 

Let a=rco80 and 6=r8in0, 

80 that 7^=0*+ &^ and tan0=-; 

and therefore y^ = re<»* sin (6a; + c + 0). 

Thus the operation of differentiating this expression is equivalent 
to multiplying by r and adding to the angle. 

Thus ya=f8««*8in(6«+c+2^), 

and generally y,»=f*««* sin (&a; + e + n^). 

Similarly, if y = e<»* cos {f>x + c), 

y,j=f*««*oos (dx+c+n^). 

These results are often wanted and the student should be able to 
obtain tiiem immediately. 

Ex. 5. Find the n^ differential coefficient of sin'o;. 
We have y^tan^x^iji^Bmx-mi^), 

Hence y„=i |8sinr«+^V8»sin^3a? + yV . 
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Ex. 6. If y = sin^o; cos'«, find y^. 
Here y=j8m^2«cosa;=3(l-co8 4a;)cosa; 

4 o 

= Yg(2oo8a;-oo8 3x-oos5a;), 
and y^=~ |2cos(a;+^V8*cos(3a;+^V6*oos(6«+~^M . 



EXAMPLES. 

Find yn ^^ the following cases : 



L 


1 , 


1 

a-x' 


3. 


1 4. "" 
a-bx' " a+&c" 


5. 


ax+b 
cx+d' 


x~a 


7. 


Q t / M 1 ■/» 


(a?+a)*- ^- ^''*'*- 


9. 


{x+a)-i. 




10. 


log((w?+6)p. 


11. 


y^einxanix. 




12. 


y=€«sin:t?sinaf. 


13. 


y=«*sm*a;. 




14. 


y=6<»*cos2 6^. 


15. 


y=emxfaa2xmnZx. 


16. 


y=e*»sin*a?cos^a7. 


17. 


y=>an*xan2x. 




18. 


y=e*sin^:t?sin2a;. 




62. Um of Partial Fractions. 



Fractional expressions whose numerators and de- 
nominators are both rational algebraic expressions 
are diflferentiated n times by first putting them into 
partial fractions. 

Ex 1 a?^ - fl^ 1 

^(6-c)(6-a)«-6^(c-a)(c-6)a;-c 

(see note on partial firaotions Art. 66) ; 

,^ a« {'l)*n\ . y (-l)*n! 

tnereiore Vn-^^^m^^^^ (x-^a)^^'^ {b-e){b-a) (x-h)^^ 

^{e-a){e-b){x-eY^^' 
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^''•^- J'=(x-l)>(»+2)- 

To pat this into Partial Fractions \e\x=l-\-z\ 

., 1 1+22+2* 

then y=p 



2(2 • 8 + 2 
1 /'I 62 4 2« \ u J. . . 

3«a^92 9 3+2 

15 4 



~3(«-l)a^9(a?-l)^9(a?+2)* 

whence (n+1)! (-l)* 5n! (-1)^ 4n! (-I)h 

wnence y^- g^^^^^ +9(x-l)'^i +9(aj + 2)*+i- 

63. Application of Demoivre's Theorem. 

When quadratic factors which are not resolvable 
into real linear factors occur in the denominator, it is 
often convenient to make use of Demoivre's Theorem 
as in the following example. 

^®* ^^x« + aa'^(x+ta)(a;-ta) 

=i.J-J L_l. 

2ia \x-ia x + to) 
Then !,„=^ ( - l)»nl {j^r^i " (i^-pi} • 

Let x=rooB^ and a=r sin ^, 

whence r'ssaj^+a* and tan^=-. 

X 

Hence 2/n=^H^^^ {(cos ^ - 1 sin 0)-^'^ - (cos ^+ 1 sin ey^^] 

= (l^^^ sin (n + 1) ^ sin«^» ^, 
where ^=tan~^-. 
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1 



57 



Cob. 1. Similarly if y= 



y^= Izil^Bin (n+ 1) Bin*+i 0, 



o*^ 



where 



9=tan-i 



d; a 



Cob. 2. If y=tan-i-, Jli=^jj^,. 



where 



tan^=:-=ooty. 



KXAMFT.TO. 



Find the n*** differential coefficients of y with respect to or in 
the following cases : 



1. y- 



1 



3. y=ilog 






4^+1' 
1 



R 1 



1-^' 



9. y 



2. y= 

6. y= 

8. y= 

10. y= 



1 

^+a?+l * 
or 
i*+^ +2^+^+1 ' 



64. Leibnitz's Theorem. 

[Lemma. If ^C^ denote the number of combinations of n things 
r at a time then will 



For 



\r\n-r '-•"'•" 



In 



|rj-l|n-r-l [r |n-r-l (n-r r+lf 



n+1 



|r+l 



:=«+i^r+lO 
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Let y = uv, and let suffixes denote differentiations 
with regard to x. Then 

y, = t^y + ivrjVi + wvj, by differentiation. 
Assume generally that 

Therefore differentiating 

+ n+iCy+it^,^^v^i H-. . .+ wvn+i, by the Lemma ; 

therefore if the law (a) hold for n differentiations it 
holds for w + 1. 

But it was proved to hold for two differentiations, 
and therefore it holds for three; therefore for four; 
and so on ; and therefore it is generally true, i.e., 

66. Applications. 

Ex. 1. y=a^waax. 

Here we take mnax as u and a^ as v. 

Now Vi=Sx^t V2=:3 . 2Xt V3=3 . 2, and v^ &o, are all zero. 

Also u^=a?*sm( 00?+-^ j, etc. 

Hence by Leibnitz's Theorem we have 

y^ = a:^« Bin f oa? + ^ j + wSaj^a*"^ sin f ox + "2— x j 
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n(n-l)(n-2)- . , _. . / n-8 \ 

The stndeiit will note that if one of the factors be a power of x 
it will be adyisable to take that factor as v, 

Ex.2. Let y =«*.«<>«; find y,. 
Here r=«*, u=^«*, 

80 that Vi=4a^, V2=12d^, t;,=:24x, ^4=24, and V5 etc. all yanish. 

Also «^j=a?*«~, etc. 

whence 
yj=a»«««x*+6a*«««. 4«»+10. a^«««. 12««+10a»«~ . 24a; +6a«« . 24 

=a««« {a<x*+20a8«»+120o««»+240aa;+120}. 

Ex. 3. Differentiate n times the equation 

^(«V2)=^*+«+«-2x.y^j+^-^^2y^, 

therefore by addition 

^V,*+a+ (2n+ 1) xy^i + (n«+ 1) y^=0, 

.^g|4.(2n..l).^^(n.+l)g=0. 

Ex. 4. Even when the general valne of y^ cannot be obtained we 
may sometimes find its valne for a; =0 as foUows. 

Suppose y=[log(a:+Vr+^P, 

then yi=21og(a:+ Vl+^/Vl+^ (1), • 

and (!+«') yi'=4y, 

whence differentiating and dividing by 2^^, 

(l + «»)ya+a;yi=2 (2). 
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Differentiating n times by Leibnitz's Theorem 
(l+«')yiH^+2na;y*fi+« (w- i)y* 

or (l+^)yn-Hi+(2n+l)iFy^i+nVn=0. 

Patting x^O we have 

(yi*fa)o= -«^ (yJo (3), 

indicating by snffiz zero the valne attained npon the vanishing of x. 

Now, when a;=0 we have from the value of y and equations (1) 
and (2) 

(y)o=o, (yi)o=0, (j/a)o=2. 

Hence equation (3) gives 

(y8)o=(y6)o= (2/7)0= = (ya*+i)o=0 

wid (y4)o=-2'-2, 

(y,)o= 42.2'. 2, 
(2(8)0= -6^.4^22.2, 

etc., 
(y«)o=(-l)*-'2.2a.4a.6« (2&-2)2 

EXAMPLES. 

Apply Leibnitz's Thoorem to find y^ in the following cases : 
1. y=xeF. 2. y—a^^, 3. y—x^\o%x, 

4, y=^sin^. 5. y=6«*. sin 6:17. 6. 3^=-— . 

7. y^xXaxr^x, 8. y=^tan~i^. 

66. Note on Partial Fractions. 

Since a number of examples on successive differentiation and on 
integration depend on the ability of the student to put certain frac- 
tional forms into partial fractions, we give the methods to be pursued 
in a short note. 

fix) 
^^t tV4 ^ ^6 fraction which is to be resolved into its partial 
0(«) 
fractions. 
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1. If /(x) be not already of lower degree than the denominator, 
we can divide out until the numerator of the remaining fraction w of 
lower degree: e.g, 

x^ -1 3a;-2 

{x-l){x-2) '^{x-l){x-2)' 

Henoe we shall consider only the case in which f{x) is of lower 
degree than <p (x), 

2. If 0(a;) contain a single factor (x-a), not repeated, we pro- 
ceed thus: suppose 

<p{x) = {x-a)xp{x), 

.ndlet fK^^^^m 

{x-a)\f/{x) x-a \f/ (x) 

A being independent of x. 

Hence l^=A + (x-a)^^. 

^{x) ^ ' 1^ (x) 

This is an identity and therefore true for all yalnes of the variable 
x\ pat x=a. Then, since ^(x) does not vanish when x=a (for by 
hypothesis ^ (x) does not contain x - a as a factor), we have 

Hence the rule to find A is, " Put a;=:a in every portion of the fraction 
except in the factor x-a itself." 

_, ... x-c a-c 1 6-c 1 

Ex. (l) -. 77 rr= £ • + 7 . r . 

^' (x-a){x-h) a-h x^a b-a x-b 



Ex. (ii) 



tt^+px + q _ a^+pa + q 1 
(x - a) (x -b) {x - c) ~ {a- b) {a-c) x-a 

{b-e){b-a)x-b'^ {e-a)(c-b) x-c' 



w r"\ ^ 12.3 



Ex. (iv) 



(«-l)(a;-2)(a;-S)"'2(a;-l)"a?-2"^2(aj-3)* 
x2 



(x - a) (a? - 6) ' 

Here the numerator not being of lower degree than the denominator, 
we divide the numerator by the denominator. The result will then be 
A B 

expressible in the form 1+ + — r> where A and B are found as 

*^ x~a x-b 

before and are respectively — =- and =^ — . 
*^ '^a-b b-a 
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8. Suppose the factor (x-a) in the denominator to be repeated 
r times so tibat 

<l>(x) = (x-aYi,(x). 

Put aj-a=:y. 

Then /W - /(g+y) 

<t>{x) y^rpia+yy 
or expanding each function by any means in ascending powers of 2^, 

Ao+Aiy+A^y^+„. 
yr{Bo+B^y+B^y^+..y 

Divide out thus : — 

BQ+B^y + ,..\A^+Aiy + ...\Co+C^y + C^y^+..., 
etc., 
and let the division be continued until y^ is a factor of the remainder. 
Let the remainder be y^x iv)' 

Hence the fraction==^ + -^, + ^,+ ... +^ + --f^ 

yr yT-l yr-2 y ^ (tt + y) 

- ^0 . ^1 ■ ^» 4. 

" {x-af^ {x-a)^^^ {x-a)'^^'" 

x-a }p(x) 
Hence the partial fractions corresponding to the footer {x-ay are 
determined by a long division sum. 

Ex, Take ^^ 



(a?-l)8(a?+l)' 
Put a;-l=y. 

Hence the fraotion=-^^^j . 

Iy+y* 
K 

Therefore the fraction 

13 1 1 



'2y^^4y^^Sy 8(2+y) 
1 3 



»'*"ir'r_1\«'*" 



2{x-l)*^ i{x-iy^ S(x-1) 8(rt + l)* 
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4. If a £aotor, snch as a;^+ <u;+ 6, which is not resolvable into real 
linear factors occur in the denominator, the form of the corresponding 

partial fraction is -^ r . For instance, if the expression be 

1 

{X - a) (x - 6)8 (aj2 + d^) (x^ + fc^ 

the proper assumption for the form in partial fractions would be 
A B C Dx + E Fx + Q Hx+K 

x-a'^ x-b^ (x-b)^'^ x^+a^ "^ x^+h^"^ {ay^ + b^)^' 

where A, B, and C can be found according to the preceding methods, 
and on reduction to a common denominator we can, by equating co- 
efficients of like powers in the two numerators, find the remaining 
letters D, E, JP, G, H, K, Variations upon these methods will 
suggest themselves to the student. 

EXAMPLES. 

1. Given y=sina;», find y^^ y^y y^. 

2. Given y=a?sin^, findyg, ^sj ^4- 

3. Given y=e* sin :«?, findyg* y%- 

4. Given y =^ c*»*, find y^ and y». 

5. If y=^e^+ JSe-*"*, prove y^—mhj, 

6. If y=^A sin ma?+ B cos ma?, prove y^— - w^. 

7. If y = a sin log a?, prove ^yg + xy^ +y = 0. 

8. If y=log (^:^j , prove ^,=(y-^i)2. 

9. If y= J (a?+V^^)*+^(^- V^-1)*, 
prove (^-l)y2+^i-wV=0- 

12. If y=^loga?, find y^, yj, y*, yn+i- 

13. If a?=cosh(^-logyj , 

prove (^-l)yj+^i-mV=0, 

and (^-l)yn+2+(2w+l)a?yH+i+(w«-m2)y,=0. 
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14, Find y, if ^=^3^ 

16. Findy,if y=^_j^^l^_^. 

16. Find y. if y=^_^j^-^ . 

17. Prove that if y =sm (m sin-^ a?), 

and (l-^)yn+2-(2^H-i)^n+i+(w^-»i^)y*. 

Hence shew that 

18. If y=6*«-'* prove that 

19. If y««*"*'*"*^ prove that 

and Z^«^^^"=wa+a2. 

y« 

20. If w=sm7w?+costw?, 

t«r=n»*{l +(-!)»• sin 27u?}i. 

21. If y-«««{a»a?«-2n(3W?+n(n+l)}, 

22. If a?oos^+ysin^«=:a, 
and ^sin^-yoos^=&, 

provethat ^^_,^__.^ 

isoonstani 

23. Prove that 

where 

i>-i4f*-ii(n-l)jc«->+ii(ii-l)(n-2)(ii-3)«»-*-..., 
and ^-♦a'*-»-n(H-l)(H-2)jc*-5+..,. 
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24. Prove 

£('?^')-["»'Kf)-«"^('+T)]/-. 

where P and Q have the same values as in 23. 

25. Prove that 

S^ \ J ) =^ {P sm (64r+n<^) + § cos {ba;+n<l>)}/af^'^i, 

where 

P=(ni.)*_7i (r^)H-i oo8<^+n (n- 1) (r^)»»-2co8 2^ - ... , 
§= »(ra?)*-isin<^-w(w-l) (ra7)»»-*sin2<^+... , 

r*=:a2+j2^ and tan<^=6/a. 

26. Prove that 

^(^8ina?)=n ! (Psin^+§cosd?), 



where P=i^.(7,|l, + *Ci ^ -... 



^4l 



and §=»C,^-«C3|^+-(7,|i-... 

27. Shew that 



— /l0g£\ 

_ ("1)^711 f im+n - 1) ! , •-"-1 r(mH-r- 1)! 1 1 



[i. c. s., 1892.] 



K D. C, 



O 
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CHAPTER VI. 

EXPANSIONS. 

67. The student will have already met with several 
expansions of given explicit functions in ascending in- 
tegral powers of the independent variable ; for example, 
those tabulated on pages 10 and 11, which occur in 
ordinary Algebra ana Trigonometry. 

The principal methods <tf development in common 
use may be briefly classified as follows : 

I. By purely Algebraical or Trigonometrical 



II. By Taylor's or Maclaurin's Theorems. 

III. By the use of a differential equation. 

IV. By Differentiation of a known series, or a con- 
verse process. 

These methods we proceed to explain and exemplify. 

68. Method I. Algebraic and Trigonometri- 
cal Methods. 

Ex. 1. Find the first three terms of the expansion of log sec n? 
in ascending powers of «. 
By Trigonometry 

Hence log sec a;= - logcosa;=*- log (1 - 2), 

X* X* x* 

where ,=___ + __...; 
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and expanding log (1 - z) by the logarithmic theorem we obtain 

z^ z^ 
logBeca;=«+-^ + -g. + ... 



"Lai 4! "^6! •••J"^2L2I 41 ■^••'J 
+ 3L2T--J 



""2 - 24 "^ 720 ■ ■ 
a^ OB^ 

+ 24 •••' 

fjfi rj^ ^ 

hence logBeoa;=y + j^ + 4^ 

Ex. 2. Expand cos'x in powers of x. 
Since 4cos'x=cosdx+3cosa; 



21 + 4! ■■• + < ^' (2»)1 +••• 
weobtain co8»i=^ |(l + 3)-(3>+3)^j+ (8«+3)|^-... 

Similarly an^x=\ |(8»-3)^-(8»-8)|l + (3'-8)|^- ... 

Ex. 8. Expand tan a; in powers of x as far as the term inyolving a^, 

^ "~ 1 + g~j "* • • • 
Since tana;=- 



- a?3 X* 
^-2l + 4I- 



we may by actual division show that 



xt 2 
tanx=x + J + jgar«+... 



6—2 
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Ex. 4. Expand ^ {log (1 + a;) }* in powers of x. 
Since (1 +a;)>'=6J'J<«(i+«), 

we have, by expanding each side of this identity, 

£1 o\ 41 

= l+ylog(l+x)+|i{log(l+«)}H... 
Henoe, equating ooeffloients of y^, 

1(1 I-,. M» «' 1 + 2. 1.2 + 2.3+8.1 . ^ 
g{log(l + »)}»=^^-3pX»+ jj :t^-eto., 

a series which may be written in the form 

2-('^2Jy-»-(^+2n)T-(l-^2-»-3-*-4)T+- 



EXAMPLES. 

1. Prove ^»ina;_i^^^l^^_l_^^ 

2. Prove cosh«a?=l + — ,-+n (3^-2) ~ ... . 
a Prove log-_=-_-_.... 

4. Prove log __=--_... . 

5. Prove log^cot^= -^- — a;*.... 

^ ^ , tan-i^ :r2 ^ 13 . 251 . 

6. Prove log-^-= --+ - .;4-^-^P-pa;6.... 

7. Prove 

8. Expand log (1 -\-a^€l^) as far as the term containing ^. 
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9. Expand in powers of .r, 

(„) tan-^-^. (c) sin->^. 

(6) tan-»?^. (rf) cos-»f^;. 

69. Method II. Taylor's and Maclauiin's 
Theorems. 

It has been discovered that the Binomial, Ex- 
ponential, and other well-known expansions are all 
particular cases of one general theorem, which has for 
its object the expansion off(x + h) in ascending integral 
positive powers of h, f(x) being a function oi x of any 
f&rm whatever. It is found that such an expansion is 
not always possible, but the student is referred to a 
later chapter for a rigorous discussion of the limitations 
of the Theorem. 

70. Taylor's Theorem. 

The theorem referred to is that under certain oir- 
cvmistances 

+ -r/*" (^) +. . . to infinity, 
m 

an expansion oif(x -f h) in powers of A. 

This is known as Taylor's Theorem. 

Assvming the possibility of expanding fix-^h) in 
a convergent series o{ positive integral powers of A, let 

f{x + h) = A, + AJi + A,^^ + A,^+ (1), 

where Aq, Ai, A^, ... are functions of x alone which are 
to be determined. 
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Now ^f^^- = ^p^ . 1%+i) =/'(. + A), 
ah d{x-\-h) ah "^ ^ ^ 

for X and h are independent quantities and therefore 

X may be considered constant in differentiating with 

1 d(x'\-K) 
regard to A, so that — St — = 1- 

Similarly 

-^p — ^:=f"(x + h); and so on. 

Differentiating (1) then with regard to h, we have 

f'(w + h) = ^^^ = A, + AJi + A,'^ + A,^^ + ...i2), 

f"{x + h) = ^l.^= A, +AJ, +^,^+...(3). 

f"'ix+h)^^^^^^= A, +AJi +...(4). 

etc. = etc. 

Putting A = 0, we have at once from (1), (2), etc. 

A,^fix\ A,^f'{x\ A,^r{x\ il3=/'"(a^),etc., 

where f{x),f^'(x),f^(x).., are the several differential 
coefficients of f(x) with respect to x. Substituting 
these values in (1), 

f(a: + h)=f(a>) + hf'(a>)+^/"(a:) + ^f"'iw)+.... 

Ex. 1. Let/(x)=x«. 

Then f{x)=nx^-'\ f"{x)=n (w- 1) a;«-«, etc., and 
f{x+h) = {x + h)\ 
Thus Taylor's Theorem gives the Binoroial expansion 
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Ex. 2. Let / («) = sin x. 

Then /'(x)=008x, /"(«)= -sin a:, /'"(«)=s -ooso;, etc., and 

/(x+^) = 8in(a;+^). 
Thus we obtain 

sin (x+^)=:8in d;+^ ooso;- ^ Bina;- ^ 008X+ ... 



EXAMPLES. 



1. ^+*=^+A<f«H-2-|^+^^+- 



Prove the following results : 

2. tan-i {x+h) 

1 . ^ ^A8 lj-3^A8 

-tan A- + J ^^^- (i+^)«- (T+^8 3 + - • 

a sin-i (^+A) 

. , . A X A« l + 2a:» A» 
=ain-i.a?+ -i, r2r-i+ Io-. + ...- 

4. sec-i(a?+A) 

=sec"i X^ , r ~, + ... . 

5. logsin(ar+A) 

1 • .IX ^* » . ^' cos^ . 

=logsma?+Acot :i7— ^cosec*:p + — -v— 5 — H... . 
° 2 3 sm3.r 

71. Stirling's or Maclaurin's Theorem. 

If in Taylor's expansion 

/(^ + A)=/(ar) + A/'(a;) + g/"(^) + ^,/'" («)+... 
we put for x, and x for A, we arrive at the result 
/(a;)=/(0) + ^/'(0)+J/"(0) + |/"'(0)+... 
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the meaning of /*" (0) being that f{x) is to be differ- 
entiated r times with respect to ^, and then ^ is to be 
put zero in the result. 

This result is generally known as Maclaurin's 
Theorem. Being a form of Taylor's Theorem it is 
subject to similar limitations. 

Ex. 1. Expand sin x in powers of x. 
Here 



f(x) =8ina:, 




Hence /(O) =0, 


/'(a:)=C08a:, 






/(O) =1. 


/"(aj)=-sinar, 






/'(0)=0. 


r'(ar)=-oosx, 






r(o)=-i. 

fto. 


/*(x)=8in(x+^y 




/-(0)=8in^ 


a?» 


-?,- 


«*8ii] 


nir 


8ina:=x-^ 




■■■"T ..•• 



Thus 



Ex. 2. Expand log cos x in powers of x. 
Here / (x) = log cos ar, 

/' (x) = - tanx= - «, say, 
/"(ar) = -sec2a:=-(l + t«), 
/"(a;)= -2 tana;8eo«a;= -2«(l + «a), 
/«(a:)=-2(l + S«»)(l + «2)=-2(l + 4«a+8t<), 
/<«(a:)= -2(8« + 12t»)(H-t2)= -2(8«+20t» + 12t6), 
/«>(a;)= -2(8 + 60t2+60t4)(l + t2)= -2(8 + 68«2 + 120r4+60««), 
etc. 
Whence 

/(0)=logco8 0=logl=0, 
and /' (0) =/<») (0) =/<« (0) = . . . = 0, 

also /'(O) = - 1, /« (0) = - 2, /<« (0) = - 16, etc. 

Hence 

logco8x=-^-2|5-16j-etc. 
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EXAMPLES. 

Apply Maclaurin's Theorem to prove 
^ ^ a;*co8^ 

L 008^=1--+--... + — ——+.... 

a tan-i:P=:P-~+— -...+ ( -1)*-!^!^+... 

5. log(l+c»)=log2+l^+i^-j'~.... 

6. ^coB6.= l+a.+^:r«+^i"!^^^^ 



+(^^lVcosf.tan-i^-) + .... 
n! \ a/ 



72. Method III. By the fbrmation of a Differ- 
ential Equation. First form a differential equation 
as in Ex. 3, Art. 60, etc., and assume the series 

Oo + 0145 + 020;'+... 

for the expansion. 

Substitute the series for y in the differential equa- 
tion and equate coefficients of like powers of a? in the 
resulting identity. We thus obtain sufficient equations 
to find all the coefficients except one or two of the first 
which may easily be obtained from the values of /(O), 
/'(0),etc. 

Ex. 1. To apply this method to the expansion of (1 + x)^. 

Let y = (l+a?)*=ao+aiX+a5a5' + a,x«+ (1). 

Th«i yi=n(l+a?)*-i or (l + a?)yi=ny (2). 

But yi=ai + 2aja; + 3a,a?a+ (3). 
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Therefore substituting from (1) and (3) in the differential equation (2) 
(1 + a?Xai + 2oafl: + Soja;' +...) = » (ao+ ai« + fla^j* +...) . 

Hence, comparing coefficients 

2a,+ai=fiai, 
3a,+2a2=na2, etc., 

%nd by putting x=0 in equation (1), 

giving ai=n, 

n - 1 nin-1) 

n-2 w(n-l)(n-2) 
a^=^-^ a^= ^ J^ '- , etc., 

w-r+1 n(n-l)...(n-r+l) 
a^= fly, = — ^^ — j — -' , 

whence (!+«)»= 1+rwr-i — ^-z — ^a:^+.... 

« I 

Ex. 2. Let y=/(a;) = (sm-ix)«. 

1 



yj=2sin~ix. 



Differentiating, and dividing by 2^^, we have 

(l-a^)y^=xy^^2 (1). 

Now, let y=ao+aia;+ajic24....+a^a;n+a,^^a:'^i + a„^^'»+2+ ..., 

therefore 

yj=ai + 2a^+ ... +na^a:*»^i + (n + l) a^4.ia?*+(n + 2) a„+2^B*+i + ..., 

and 

y2=2o2+...+w(n-l)a^a;'*-*+(n+l)na,^iar'*-i+(n+2)(»i+l)a^aa;"+.... 

Picking out the coefficient of a^ in the equation (which may he done 
without actual suhstitwtion) we have 

(n + 2) (n + 1) a,^2- w (w- 1) «n=»»«n; 

n^ 

therefore «ti4«=; tw s; <5^i» - (^)« 

••** (»+l) (n+2) *• V 
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Now, ao=/(0) = (8in"iO)«. 

and if we consider sin^^ a; to be the imallest positive angle whose 
sine is x, 

sin-* 0=0. 

Henoe a^^O. 

Again, ai=/'(0)=28in-i0. -yi==0, 

and ai=ir(0)=i(j^ + o)-l. 

Hence, from equation (2), a,, ag, o^, ... , are each=0, 
2« 2* 2* 

and «4=8:4-^=8r4 = 4T2' 

_ 4« 2«.4« 2«.4« 

''«~6T6 • "*"3T476T6 - "eT • "*' 

etc. = etc. ; 
therefore 

2x^ 2« 2* . 4* 2^ . 4* . 6* 

A different method of proceeding is indicated in the 
following example : — 

Ex.3. Let 

y=sin(msin->a;)=ao+Oia?+a5^+a,^+ (1). 

Then yi = cos (m sin"^ a?) , , 

whence (1 - a?*) y^=^w? (1 - y^). 

Differentiating again, and dividing by 2^1, we have 

{l-3^)y^''Xy^-\-mhfT^0 (2). 

Differentiating this n times by Leibnitz's Theorem 

(l-^y,M4-(2w+l)xy^i + (m«-n«)y^=0 (8). 

Now ao = (y )jp.o = sin (m sin"* 0) = 0, 

(assuming that sin"^ x is the smallest positive angle whose sine is x) 

fli=(yi)«-o=»», 

aj=(yi)«-o=<>» 
etc. 

«m=(y»)x-o- 
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Hence, putting a;— in eqoation (3), 

Hence a^^ a«, Og, ..., each=0, 

and a8= - (m2 - l^) «!= - m (m* - 1^), 

a5=-(m*-3a)as=m(m«-12)(mS-82), 

07= -(m«-62)a5= -.m(m9-ia) (m*-32) (ma-6«). 

etc. 
W^ience 

sin (m Bin'* a?) =iimj —^. — ' scr H — ^ ^ x» 

9 1 51 

m(m«-l«)(m8-3«)(m'-5«) ^y 

The corresponding series for cos (m sin~^ x) is 
cos(msin-ia;) = l--5-r-+ -^i ^a?* 



6 
If we write ac=sin ^ these series become 

smm^smsin^ ^-^-j — ^ sin'tf 



TO«(m«-2«)(m«-4«) ^ 

fil ^+.-.. 



+ __l ^j i gin« e - etc., 

o I 



5m^=l-5-rSin2^ + — i-j-j ^sin*^ 



^ j-P ^ gui« ^+ etc. 

o I 



EXAMPLES. 

1. Apply this method to find the known expansions of 
a*, log(H-j;), sin^, tan"i^. 

prove (1) (l-^)y2=^i> 

(2) (7i+l)(7i+2)a„+2=w2a,„ 

,oN -1 1 073 1 . 3 :F& 

(3) sm-i^=^+^3-+ — .-+.... 
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3. If y=6^*^''*=ao+ai*+a2a;8+a3^+..., 

prove (1) (l-^)y2=-^i+<*V> 

(2) (n+l)(7i+2)a^+2=(^'+«*)«»> 

(3) .<^-in-^«.l^^+^^±(^)^+^^ 

+ g-j :^+... , 

(4) Deduce from (3) by expanding the left side by the 
exponential theorem and equating coefficients of a, a\ a'... the 
series for sin-* ^, (sin-^ x)\ (sin-^ xf, 

4 Prove that 
(tan-i xY 

5. Prove that 
(a) -[log(^+Vl+^)?=2-3. 4 + 375.-6-..., 

73. Method IY. Differentiation or integra- 
tion of a known series. The method of treatment 
is best indicated by examples. 

Ex. 1. If we differentiate the series 

. - la? 1.3x« 1.3.6 a?' 

^2 3 ^2.4 6 ^2.4.6 7^ ■• 
we obtain the binomial expansion 

1 - 1 , 1.3_^ 1.3.6_. 



and it is clear that we must be able by a reverse process (integration) 
to infer the first series from the second. 

The student unacquainted with integration may obtain the expan- 
sion of sin"* X from that of (1 - x*)"* as follows : 
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Let sin^i 05 = a© +aiX+ 030:2+0,0:'+ , 

then differentiating 

-7==-=Oi + 2a2a?+3asa;2+4o4a:'+ 

But _-=!+- j:»+~-^x2+ . 

^/^:^ ^^2 ^2.4 ^••• 

1 3 
Hence Oi=l, 2oa=0, 3o,=J, 404=0, 605=5-- , etc. 

A. 4 

Also Oo=Bin-iO=0 

(if we take the smallest positive value of the inverse function). 

Hence substitnting the values of these coefficients 

. , la^ 1.3x« 
sm-ix=x+^^ + 2;^-^ + 



Ex. 2. We have proved in Ex. 2 Art. 72 that 

(sin-^a;)«_jB« 2*^* 2«.4» 28.42.62 
"TV """21"^ 4! "*""6I ^ + — 81— ^+-- 

Hence differentiating we arrive at a new series 

sin-la; 2* , 22. 4« ^ 22.42.62 , 

^/fr^=^+3!^+-5T-^+— y— ^'+-- 

If we put OS = sin ^ we may write this as 

2^ . 2* . ,^ 22.42 . .^ 22.4«.6« . -^ 
sln-2S=^ + 3T ''"^' '+-5r ""^* ^+ ~7!- «"^' ^+ - 

or =1+1 sin2^+|^ Bin*^ + ~i^sin«^+.... 



EXAMPLES. 

1. Obtain in this manner the expansion of 



log (1 +^), tan-i X, log :. — ^ . 



2. Prove 

1 1 /W.1- k.ll ^<rS\— -«• 

2 3^2.4 5 
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3. Expand 

sm * ^ « tan * - , tan ^ — ==z: ■===■ 

in powers of x. 
4 Prove 

\sin^/ 

5. Prove that 



(1) 



vn^ 



-l + fl+ 2! "*■ 3'! 4l "*■•"' 

^^^ cos^ 

sin^ (1 + P)sm«^ (l+2«)sin8^ 
"* ■** 1! "^ 2! "*■ 31 

(l + l«)(l+3«)sinM 

EXAMPLES. 

1. Prove 

1 2 
log(l+tan^)=;r--a:»+-a;S + .... 

2. Prove 

3. Prove 

1 fl I, /, xl S^ ^ . 261 , 
log|-e^log(l+a;)}=2j--g+23g5^.... 

4 Prove 
log(l-^+.^=-x+^+^+^--g.-3--^+-.... 
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5. Prove cosh (j7Cosa?)=l H--^- — ^j- ... , 

sillh(4?COS^)=J7-~ - -rr ... . 
o O 

^ .-^ , tana? ^ . 7 . 

6. Prove log -^= ^+ g^^.... 



7. Prove 



i(tanhlog^) = tr-2|a?-y+ g- - ... J- . 



8. Prove 



**'^"— -^ = 2-6■+I0-i4+•••• 



9. Prove log(3«+4a:»+Vl+9«*+24!B«+163;<^ 

„ f 1^ . 1.3 a:« 1 

10. Prove that 

/IN ii xii , sin*^ 2sin*^ 2.4sin»^ 

(5) ^eot^=i___.__.__^^^_..., 

^ . tr 1 /1\ 2 1 /ly 2.41 /ly 

11. Prove that 



(a?+Vi+^)* 

and deduce the expansions of 

log(a7+VlT^), ~ {log(^+Vi+^)F, ~-j{log(x+>/iTF)}3. 

12. If y=c«*cos6^, 

prove that yg "• ^^Vx + (^^ + ^*) y = ^> 

and hence that 

g«*cosfear=l+cM;+ a?*-H ^ , — -'a;5+... . 
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13. Prove 

(a) sin (witan'^o?) (1+^2 

=^7ru: ^(^-1)(^"2) ^^ m(m-l)(m~2)(m-3)(m-4) ^ 
31 6 ! 

— ... , 

m 

- 1 ^ (^- ^) ^ I ^ (^- ^) (^-2) (m-3) _^ 

— 1 2 ! 4! or ... , 

14. Deduce from 13 (a) 
tan-i^ log Vr+^ 

15. Prove 

,, coahtf , . l*+l* . ,-. (l»+l«)(l*+3«) . ... 

(6) ^ 
^ ^ coaB 

16. Prove 

tan-i (^+ A) = tan-i ^+(A sin ^) sin ^ - ^-^ — ^sin 2$ 

.(Asin^)3 . ^^ (Asin^)* . ^,. ^ 
+^ ^ - sm 3^- ^ — j-^ sin 4^+etc., 

where a:=cot^. 

17. Deduce from Ex. 16 

/ \ ^ A . A ' A . cos2^ . . - , cos'^ . «^ 

(a) 2 =^+cos^sm^+ -^— sm2^+— 5— sm3^+... , 

by putting A = - a? = - cot ^. 



(6) ^^= sin ^+|sin 2^+i sin3^+i sin4^+ 



•• » 



by putting A= - Vl+^- 

M IT _ sin ^ 1 s in 2^ 1 sin 3^ 1 sin 4^ 

^^^ 2~cos^'*"2cos«^"*'3cos8^'*"4 cosM"*"*** 

by putting A = - a: - j?-*. 

E. D. c. 6 
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18. Show that 

1 (siD-i^)« 



W 



sin 2^ 



+ ... . 

19. Prove 
(tan-i^)8 

"-If- M (>-!)} ^fi-K'-l) 

20. Prove 

vers-i^__. 1 .1.3 a;' . 1.3.5 ^ . 
^""^ "^i^ ^■*'374^"*" 574* 2!+ Tn^T! ■*■•••' 

,,, (vers-i^?)* \a^ 1.2 ^ .1.2.34?« 

(^) 2— =^+3¥+3r5-y+375T7 4+- 

21. Prove that 

22. Prove that 
(a) /(WW) 

=/(^)+(m-l)*/'(x)+(m-l)»^/"(^)+(m-l)»f,/"(^)+..., 

=/(-)-rTi/w+(iT^.2V'(-)-(r^ §7/'" (-)+-. 



(«) /(*)=/(0)+^W -ft/"W+^/"'(*)-etc. 
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CHAPTER Vn. 

INFINITESIMALS. 

74. Orders of Smallness. 

If we conceive any magnitude A divided into 
any large number of equal parts, say a billion (10^*), 

then each part tt^-s is extremely small, and for all 

practical purposes negligible, in comparison with A. 

If this part be again subdivided into a billion equal 

id 
parts, each = tt^, each of these last is extremely small 

in comparison with j^ , and so on. We thus obtain 

a series of magnitudes. A, ^^, ^-^, j^, ..., each 

of which is excessively small in comparison with the 
one which precedes it, but very large compared with 
the one which follows it This furnishes us with what 
we may designate a scale of smaUness. 

75. More generally, if we agree to consider any 
given fraction / as being small in comparison with 
unity, then /A will be small in comparison with A, 
and we may term the expressions /A, f^A, /M, ..., 
miall quantiHea of the first, second, third, etc., orders ; 
and the numerical quantities/,/*,/*, ..., maybe called 
small fractions of the first, second, third, etc., orders. 

6—2 
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Thus, su{)posing J. to be any given finite magni- 
tude, any given fraction of J. is at our choice to 
designate a small quantity of the first order in com- 
parison with A. When this is chosen, any quantity 
which has to this small quantity of the first order a 
ratio which is a small fraction of the first order, is itself 
a small quantity of the second order. Similarly, any 
quantity whose ratio to a small quantity of the second 
order is a small fraction of the first order is a small 
quantity of the third order, and so on. So that generally, 
if a small quantity be such that its ratio to a small 
quantity of the p*^ order be a small fraction of the <f^ 
order, it is itself termed a small quantity of the CP+?)**^ 
order. 

76. Infiniteiimali. 

If these small quantities Af, Af^, A/*, ..., be all 
quantities whose limits are zero, then supposing /ttuzc^^ 
smaller than any assignable quantity by sufficiently 
increasing its denominator, these small quantities of the 
first, second, third, etc., orders are termed infinitesimals 
of the first, second, third, etc., orders. 

From the nature of an infinitesimal it is clear that^ 
if any equation contain finite quantities and infinitesimals, 
the infinitesimals may be rejected. 

77. Prop. In amy equation between infinitesimals 
of different orders, none but those of the lowest order need 
be retained. 

Suppose, for instance the equation to be 

AH--Bi + (7iH-A + ^2 + ^8 + ... = (i), 

each letter denoting an infinitesimal of the order in- 
dicated by the suffix. 

Then, dividing by Ai, 

Xlj Zli Zli xtj xlj 
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the limiting ratios -p and -^ are finite, while V • ~r > 

F 
are infinitesimals of the first order, -^ is an infinitesimal 

of the second order, and so on. Hence, by Art. 76, 
equation (ii) may be replaced by 

and therefore equation (i) by 

which proves the statement. 

78. Prop. In any equation connecting infinitesimals 
we may substitute for any one of the quantities involved 
any other which differs from it by a quantity of higher 
order. 

For if A, + B, + Gx + D^'{-,..=0 

be the equation, and if Ai = Fi +/2, 
fi denoting an infinitesimal of higher order than ^i, we 
have F^ +3^ + C^+fa+Di + ... =0, 

i.e. by the last proposition we may write 

F, + B, + C, = 0, 
which may therefore, if desirable, replace the equation 

A+5i + (7i = 0. 



79. 


niustrationi. 






(1) Since 


Bin^ = ^- 


0^ 
31 


4- 


and 




cos^=l 


"2! 


4- 



Bin 9, 1 - cos Of 6-8m0 are respectively of the first, second, and third 
orders of small quantities, when 6 is of the first order; also, 1 may 
be written instead of cosO if second order quantities are to be re- 
jected, and 9 for sin ^ when cubes and higher powers are rejected. 
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(2) Again, suppose AP the aro of a oircle of centre O and radius 
a. Suppose the angle ^OP( = 0) to be a small quantity of the first 
order. Let PN be the perpendicular from P upon OA and ^Q the 
tangent at A, meeting OP produced in Q. Join P, A, 

Then aro AP=a0 and is of the first order, 



J^P=a sin ^ 


do. 


do., 


AQ=:atAn0 


do. 


do., 


chord ^P=2a sin 1 


do. 


do., 



NA=a (1 - cos 0) and is of the second order. 
So that OP - ON is a small quantity of the second order. 




N A 

Again, aro -4P - chord -4P=a^- 2a sin- 



a0^ 



and is of the third order. 

PQ'NA=NA{aeo0-l) 

-^NA. 1 



= (second order)(second order) 
= fourth order of small quantities, 
and similarly for others. 

80. The base angles of a triangle being given to be 
small quantities of the first order, to find the order of the 
difference between the base and the sum of the sides. 

By what has gone before, (Art. 79 (2)), HAPB be the 
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triangle and PM the perpendicular on AB, AP ~ AM 




and BP — BM are both small quantities of the second 
order as compared with AB, 

Hence -4P 4- PB — AB is of the second order com- 
pared with AB. 

If AB itself be of the first order of small quantities, 
then AP + PB-ABia of the third order. 

81. Degree of approximation in taking a small 
chord for a small arc in any curve. 

Let il5 be an arc of a curve supposed continuous 
between A and B, and so small as to be concave at each 




point throughout its length to the foot of the perpen- 
dicular from that point upon the chord. Let AP, BP 
be the tangents at A and B. Then, when A and B are 
taken sufficiently near together, the chord AB and the 
angles at A and B may each be considered small quan- 
tities of at least the first order, and therefore, by what 
has ffone before, AP + PB — AB will be at least of the 
third order. Now we may take cw an axiom that the 
length of the arc AB is intermediate between the length 
of the chord AB and the sum of the tangents AP, BP. 
Hence the difference of the arc AB and the chord AB, 
which is less than that between AP + PB and the chord 
AB, must be at least of the third order. 
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P.yAMPT.P« 

1. In the figure on page 86 suppose PM drawn at right 
angles to AQy and prove 

[a) Segment cut off by AP is of the third order of small 
quantities, 

(6) Triangle PNA is of the third order, 
(c) Triangle PQM is of the fifth order. 

2. OA^B is a triangle right-angled at A^ and of which the 
angle at is small and of the first order. A^^ is drawn per- 
pendicular to OB, B^A^ to A^B, A^B^ to OB, and so on. 

Prove 
(a) AJBn is a small quantity of the (2n - 1)*** order, 
(6) BnA^+i is of the 2n^ order, 

(c) BnB is of the 2n^ order, 

(d) triangle BA^B^ is of the (2w -f- 2?* - !)**» order. 

3. A straight line of constant length slides between two 
straight lines at right angles, viz. CAa, CbB ; AB, ah are two 
positions of the line, and P their point of intersection. Show 
that, in the limit, when the two positions coincide, we have 

Aa^_CB_ .PA_CB^ 
Bh'^ CA ^^ PB~~CA^' 

4. From a point T in a radius of a circle, produced, a tangent 
TP is drawn to the circle touching it in P. PN is drawn per- 
pendicular to the radius OA, Show that, in the limit when P 
moves up to -4, 

NA:=^AT, 

5. Tangents are drawn to a circular arc at its middle point 
and at its extremities ; show that the area of the triangle formed 
by the chord of the arc and the two tangents at the extremities 
is ultimately four times that of the triangle formed by the three 
tangents. 

6. A regular polygon of n sides is inscribed in a circle. Show 
that when n is very ^reat the ratio of the difference of the 
circmnferences to the circumference of the circle is approximately 

7. Show that the difference between the perimeters of the 
earth and that of an inscribed r^^ular polygon of ten thousand 
sides is less than a yard (rad. of Earth =4000 miles). 
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8. The sides of a triangle are 5 and 6 feet and the included 
angle exceeds 60° hj 10". Calculating the third side for an 
angle of 60*, find the correction to be applied for the extra 10", 

9. A person at a distance a from a tower of height p observes 
that a flag-pole upon the top of it subtends an angle B at his eye. 
Neglecting nis height, show that if the observed angle be subject 
to a small error a, the corresponding error in the length of the 
pole has to the calculated length the ratio 

qa cosec Bl{q cos B—p sin B), 

10. If in the equation sin(»-^)=8in «cosa, B be small, 
show that its approximate value is 

2 tan «sin" 5 ( ^ ~ tan"»sin* | j . 

[l.C.8.] 

11. A small error x is made in measuring the side a of a 
triangle, a small error y in measuring 6, and a small error n" 
in measuring C, Prove that the consequent errors in A and B 
are each ^", provided the relation 

2 -g— vf sm (7=n sm 1" 

be satisfied, [i. c. s., 1892.] 
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TANGENTS AND NORMALS. 



82. Equation of TANGENT. 

It was shown in Art. 18 that the equation of the 
tangent at the point (a?, y) on the curve y =/(a?) is 

Y-yJ£{X-.) (1). 

X and F being the current co-ordinates of any point on 
the tangent. 

Suppose the equation of the curve to be given in the 
form/(a;, y) = 0. 

It is shown in Art. 58 that 

dy _ dx 
da ^• 

Substituting this expression for -r- in (1) we obtain 



dy 



Y-y = -tiX-<v). 



Digitized by VjOOQIC 



TANGENTS AND NORMALS. 91 

(X-.)| + (r-y)| = (2) 

for the equation of the tangent. 

If the partial differential coeflScients o~ > or > ®^« ^ 
denoted by^,^, etc., equation (2) may then be written 

83. SimpUflcation for Algebraic Cunrei. 

If /(a?, y) be an algebraic function of x and y of 
degree n^ supjpose it made homogeneous in x, y, and z hy 
the introduction of a proper power of the linear unit z 
wherever necessary. Call the function thus altered 
f{x, y, z). Then f{x, y,z) ia dk homogeneous algebraic 
function of the n**" degree ; hence we have by Euler's 
Theorem (Art. 59) 

^fx + yfy + zfz = nf{x, y, z) = 0, 
by virtue of the equation to the curve. 

Adding this to equation (2), the equation of the 
tangent takes the form 

Xf^+ Yfy¥zf,^Q ....(3), 

where the ^ is to be put = 1 after the differentiations 
have been performed. 

We often for the sake of symmetry write Z instead 
of 2r in this equation and write the tangent in the form 

Ex. /(x, y) = x*+a«xy + 6«y+c*=0. 

The equation, when made homogeneous in x, y, z by the introduetion 
of a proper power of Zt is 

/(«, Vf z)=a!^+ahfyz^+bhfz*+c*z*=0, 

and /jj = ix* + ah/z*, 

/y=aax<2«+63z», 

/, = 2a^xyz + Bhhfz^ + 4c*zK 
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Substituting these in Equation 3, and putting Z=2=l, we have for 
the equation of the tangent to the curve at the point (x, y) 

2:(4aj»+aV) + r(a'«+6») + 2a«a:y+36V+^=0- 

With very little practice the introduction of the z 
can be performed mentally. It is generally more ad- 
vantageous to use equation (3) than equation (2), be- 
cause (3) gives the result in its simplest form, whereas 
if (2) be used it is often necessary to reduce by substitu- 
tions from the equation of the curve. 

84 NORMAL. 

Def. The normal at any point of a curve is a straight 
line through that point ana perpendicular to the tangent 
to the curve at that point 

Let the axes be assumed rectangular. The equation 
of the normal may then be at once written down. For 
if the equation of the curve be 

the tangent at {x, y) is 

and the normal is therefore 

(X-^) + (F-y)|=0. 
If the equation of the curve be given in the form 

the equation of the tangent is 

and therefore that of the normal is 
X--x ^ Y^y 

fx fy 



Digitized by VjOOQIC 



TANGENTS AND NORMALS, 93 



Ex. 1. ConBider the ellipse -? + fs = 1. 
a' 0' 



This requires «' in the last term to make a homogeneous equation 
in X, y, and z. We have then 






Hence the equation of the tangent is 

where « is to he put = 1. Hence we get 

-^ + -^=1 for the tangent, 

and therefore «^— = --^ for the normal. 

Ex. 2. Take the general equation of a oonio 

When made homogeneous this becomes 

ax* + 2hxy + 6y' + ^gxz + 2/y« + cz« =0. 
The equation of the tangent is therefore 

and that of the normal is 

X'X ^ Y-y 
ax+hy+g^ hx + by-hf 

V X 

Ex. 3. Consider the curve -=log sec - . 
a ^* a 

Then ^=tanf. 

dx a 

and the equation of the tangent is 

r-y=tan-(Z-x), 

and of the normal 

(y-y)tan|+(Z-ar)=0. 
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86. If f{x, 2/) = and F{x, y) = be two curves 
intersecting at the point x, y, their respective tangents 
at that point are 

and XF^^YFy^ZF^^O. 

The angle at which these lines cut is 

tan~^ - ^^ ^/y^g ^ 
Hence if the curves touch 

and if they cut orthogonally, 

fxFx+fyFy = 0. 
Ex. Find the angle of intersection of the curves 

Calling the left-hand memhers / and J^ respectively, we have 

Hence clearly /JF^ +/f ^y = <>» 

and the carves cut orthogonally. 

86. If the form of a curve be given by the equations 

the tangent at the point determined by the third variable 
f is by equation 1, Art. 82, 

or X^'it)-Y<l>'(t)^^it)^'(t)-^(t)<f>'(t). 
Similarly by Art. 84 the corresponding normal is 
Zf (0 + 7^'(t) = 0(<) f («) + ^it) fit). 
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EXAMPLES. 

L Find the equations of the tangents and normals at the 
point {Xy y) on each of the following curves: — 

(1) a;«+y«=c«. (5) ^+a?y«=a» 

(2) ^^Aax. (6) ««'=sina7. 

(3) xy^i^. (7) ^-3(M!y+y»=0. 

(4) y=ccosh-. (8) {a^+y^f^a^^x^-y^, 

2. Write down the equations of the tangents and normals to 
the curve y (a^-i-a^^cui^ at the points where y^j • 

X y -- 

3. Prove that ^ + 5=1 touches the curve y=6tf • at the 

point where the curve crosses the axis of y. 

4. Find where the tangent is parallel to the axis of x and 
where it is perpendicular to that axis for the following curves : — 

(a) a^+2Aay+iy«=l. 

(y) y»-^(2a-^). 

5. Find the tangent and normal at the point determined 
by ^ on 

(a) The ellipse ^=acoe^l 

y— 6sin^ J * 
08) The cycloid ^— a(^+sin^)) 

y=a(l-cos^)J * 

(y ) The epicycloid x=^A oos^-5cos-^^| 
y=^ sin ^-jS sin-^^j 

6. If ^ =^ cos a +y sin a touch the curve 

prove that ^-*«(acosa)«"i-|-(6sina)«-^ 
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Hence write down the polar equation of the locus of the foot 
of the perpendicular from the origin on the tangent to this 
curve. 

Examine the cases of an ellipse and of a rectangular hyper- 
bola. 

7. Find the condition that the conies 

shall cut orthogonally. 

8. Prove that^ if the axes be oblique and inclined at an 
angle «, the equation of the normal to y=/(a?) at (^, y) is 

(F-y) (co9«+g) + (Z-x)(l+co8a,g)=0. 

9. Show that the parabolas x^=ay and y2=2flw? intersect 
upon the Folium of Descartes ^+^^=30^; and find the angles 
between each pair at the points of intersection. 

87. Tangents at the Origin. 

It will be shown in a subsequent article (124) that 
in the case in which a curve, whose equation is given 
in the rational algebraic form, passes thix)ugh the origin, 
the equation of the tangent or tangents at that point 
can be at once vmtten down by inspection; the rule 
being to equate to zero the terms of lowest degree in the 
equation of the curve. 

Ex. 1. In the curve x^+y^ + oa? + ?n/=0,aa; +6y=0 is the equation 
of the tangent at the origin; and in the curve {x^-\-y^Y = a^ (^-y')» 
x^-y^^O is the equation of a pair of tangents at the origin. 

Ex. 2. Write down the equations of the tangents at the origin 
in the following carves: — 

(a) (a;«+y2)«=a«a;8-62ya. 

(7) (y-«)'^=6^. 
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Geometrical Results. 
88. Cartetiani. Intercepts. 

From the equation Y—y — -^{X — x) 

it is clear that the intercepts which the tangent cuts off 
from the axes of x and y are respectively 

dx 

for these are respectively the values of X when F= 
andof FwhenZ = 0. 




Let PN, PT, PQ be the ordinate, tancfent, and 
normal to the curve, and let PT make an angle '^ with 

the axis of x ; then tan '^ = -r^ . Let the tangent cut 

the axis of y in f, and let OY, OTi be perpendiculars 
frpm 0, the origin, on the tangent and i^ormaL TJien 
the above values of the intercepts are also obvious fix)m 
the figure. 

7 



B.D.a 
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89. 8ubtangent^ etc. 

Def. The line TN is called the svhtangent and the 
line NO is called the subnormal. 



From the figure 
Svhtangent = TN = y cot -^ =^ . 

dx 

Subnormal = NO = y tan '^ = y ^ • 

Normal = P(? = y sec -^ = y V 1 + tan» -^Ir 

y i 4- tan* -x^ 
Tangent =TP = y cosec -^ = y — . . — 



Mi)' 



-"s — 

dx 
dy dy 

OF = 0^ cos •i|r = . 



Jl + tan* ^ 



7^' 



dy 
n^r na i ON+NO '^'^^d^ 



7l + tan* yjr 



Mif 



These and other results may of course also be 
obtained analytically from the equation of the tangent. 
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Thus if the equation of the curve be given in the 

form f{x, y) = 0, 

the tangent Xf^ + I7y + ^z = 

makes intercepts —fzlfx and —fzjfy upon the co-ordinate 
axes, and the perpendicular from the origin upon the 
tangent is 

and indeed, any lengths or angles desired may be written 
down by the ordinary methods and formulae of analytical 
geometry. 

Ex. 1. For the " ohainette '* 

1 £ -? 

we have yi = o(«*-« *)• 

X _x 

Hence Subtangent = 1^ = c ^ J^^ . 

Subnonnal = yy^ =-(««-« « ). 
Normal sy \/l+2/i'= — » etc. 

Ex. 2. Find that curve of the class 1/=-=—, whose subnormal is 
constant. 

Here yi=«- 

and subnormal = yyi - n -^^ • 

Thus if 2n= 1 the ae disappears and leaves 
subnormals^, 
and the curve is the ordinary parabola 



a^-i' 



7—2 

Digitized by VjOOQIC 



100 



DIFFERENTIAL CALCULUS, 



90; Valuei of 3- , 3- , etc. 
dx 08 

Let P, Q be contiguous points on a curve. Let 
the co-ordinates of P be {x, y) and of Q (^ + &r, y + %). 




Then the perpendicular PjR = &r, and RQ^hy, Let 
the arc AP measured from some fixed point A on the 
curve be called 8 and the arc -4Q =5+ Ss. Then arc 
PQ = is. When Q travels along the curve so as to 
come indefinitely near to P, the arc PQ and the chord 
PQ differ ultimately by a quantity of higher order of 
smallness than the arc PQ itself. (Art. 81.) 

Hence, rejecting infinitesimals of order higher than 
the second, we have 

Ss^ = (chord PQ)2 = (Sa;* + Sy2)^ 

=«(|-g)-(£)"-(ir- 

Similarly Lt -y 



or 



1 



or 






and in the same manner 
fds 



(|)'-M|)"- 
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If '^ be the angle which the tangent makes with 
the axis of x we have as in Art. 18, 

and also 

, ^, PR ^, PR rM dx 

and 

^ chord PQ arcPQ 05 ds 

ETAMPLTO. 

1. Find the length of the perpendicular from the origin 
on the tangent at the point x, y of the curve 

X 

2. Show that in the curve y^he^ the subtangent is of con- 
stant length. 

3. Show that in the curve hy^—{x+af the square of the 
subtangent varies as the subnormal. 

4. For the parabola y'^^Aax, prove 

d9 __ l a-^x 
dx~ \ X 

5. Prove that for the ellipse -g + '^ = 1, if a*= a sin <^, 

-Ti =a Vl - «* sin2 ^. 

6. For the cycloid a? = averse 1 

y=a(d+sind)J ' 
2a 



dx"^ \J X 
7. In the curve ys=alogsec 



prove 

X 

a' 

ds X ds X jt 

prove j-=sec-, j- = co8ec-, and x^ayit, 

'^ dx a^ ay a' ^ 
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8. Show that the paition of the tangent to the carve 

which is intercepted between the axes, is of constant length. 

Find the area of the portion included between the axes and 
the tangent. 

9. Find for what value of n the length of the subnormal 
of the curve an/^=a^^^ is constant. Also for what value of n 
the area of the triangle included between the axes and any tan> 
gent is constant. 

10. Prove that for the catenary y=c cosh-, the length of 

the perpendicular from the foot of the ordinate on the tangent 
is ot constant length. 

11. In the tractory 

prove that the portion of the tangent intercepted between the 
point of contact and the axis of x is of constant length. 

91. Polar Co-ordinates. 

If the equation of the curve be referred to polar co- 
ordinates, suppose to be the pole and P, Q two con- 
tiguous points on the curve. Let the co-ordinates of P 
and Q be (r, 6) and (r + Sr, 5 + hO) respectively. Let 
PN be the perpendicular on OQ, then NQ differs from 
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ir and NP from riO by a qicantity of higher order of 
smallness than B6. (Art. 79.) 

Let the arc measured from some fixed point A to P 
be called s and from A to Q, s-\- B$, Then arc PQ = B$. 
Hence, rejecting infinitesimals of order higher than the 
second, we have 

B^ = (chord PQf = (NQ^ + PN') = (Br^ + t^BO"), 
and therefore 

(S)'--(iy. 

according as we divide by Ss*, Br^, or B0^ before proceeding 
to the limit. 

92. Incliiiation of the Radius Vector to the 
Tangent. 

Next, let <l> be the angle which the tangent at any 
point P makes with the radius vector, then 

^ ^ d0 jL dr . ^ rdO 

tan<^ = r^, cos<^ = ^, sm<l> = -^. 

For, with the figure of the preceding article, since, when 
Q has moved along the curve so near to P that Q and 
P may be considered as ultimately coincident, QP be- 
comes the tangent at P and the angles OQT and OPT 
are each of them ultimately equal to <^, and 

NO 
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NP 

QxoQP Bs ds ' 

Ex. Find the angle <f> in the case of the curve 

r*=a*Bec(n^ + a), 
and prove that this curve is intersected by the curve 

»*=6*Bec(n^+/3) 
at an angle which is independent of a and b. [I. G. S., 1886.] 

Taking the logarithmic difFerential, 

1 dr ^ , ^ . 
- ^z=tan (n^+a). 

whence ^ - ^=nd+ a. 

In a similar manner for the second curve 

4> being the angle which the radius vector makes with the tangent to 
the second curve. Hence the angle between the tangents at the point 
of intersection is a^^jS. 

93. Polar Subtangent^ Subnormal. 

Let OF be the perpendicular from the origin on the 
tangent at P. 

Let TOt be drawn through perpendicular to OP 




and cutting the tangent in T and the normal in t Then 
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OT is called the ''Polar Subtangent" and Ot is called the 
"Polar Subnormal" 

It is clear that 

Or=OPtan<^ = 7^^ (1), 

dr 
and that 0^= OP cot «^ = ^ (2). 

94 It is often found convenient when using, polar 

co-ordinates to write - for r, and therefore — r j-5 for 
u t(" da 

-j^ . With this notation, 

Polar Subtangent = r* y- = — -r- . 
® dr du 

Ex. In the oonio lu=l + ecoB6 

we have l=-eBme^. 

du 

Thus the length of the polar snbtangent is Z/e sin 6, 

Also, from the figure, the angular co-ordinate of its extremity is 

"-l 

Hence the co-ordinates of T (r^ , 0i) satisfy the equation 

The locus of the extremity is therefore 

lu^eooBd; 

that is, the directrix corresponding to that focus which is taken as 
origin. 

95. Perpendicular firom Pole on Tangent. 

Let OY=^p. 

Then /> = r sin <^, 
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and therefore 

therefore l^^ + ^Q' (1) 

= --©' <^)- 

Ex. In the spiral r=a ^ — = 

we have om = 1 - ^^, 

whence «3^=2^""'; 

do 

and therefore, squaring and adding, 



a 



Thus, corresponding to ^= ^ 1, we have 

p=4andi>=±,^. 

96. The Pedal Equation. 

The relation between p and r often forms a very 
convenient equation to the curve. It is called the 
Pedal equation. 

(1) If the curve be given in Cartesians, 

say^(a;,y) = (1), 

the tangent is 

XF^+YFy + ZF,=^0 

and P'-WVF;r <'>• 

If X, y be eliminated between equations (1), (2) and 

a^ + f^r^ (3), 

the required equation will result. 
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Ex. Ifx2+y2=2oa:, 

is the eqaaJ^um of the tangent, and 

or r'=2ap. 

This result will also be evident geometrically. 

(2) If the curve be given in Polars we may first 
obtain p in terms of r and 6 by Art. 95, and then 
eliminate between this result and the equation to the 
curve. 

Ex. Bequired the pedal equation of r** = a"* sin md. 

By logarithmic differentiation, 

.'. cot^scotm^ or 0=m^, 

whence p =r sin 0=r sin m^=f--;, 

a** 

or pa'WssfW+i. 

EXAMPLES. 

1. In the equiangular spiral r=<w*^*% prove 

dr , 

-r=coso and ©=rsino. 

2. For the involute of a circle, viz., 

hji^-d^ a 

a r ' 

prove co89 = - . 

2a 

3. In the parabola — =1— cos^, prove the following re- 
sults: — 

(a) 0=fr-2. 
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sing 
(y) p^^ar. 

(S) Polar subtangent = 2a cosec B, 
4. For the cardioide r= a (1 - cos B\ prove 

(«) *=!• 

03) ^=2asin3|. 

sm3- 
ifi) Polar subtangent = 2a — n . 
cos- 

97. MaTiTnnin number of tangents fi*om a 
point to a ourve of the n^ degree. 

Let the equation of the curve be f{x, y) = 0. The 
equation of the tangent at the point (a?, y) is 

virhere z is to be put equal to unity after the differen- 
tiation is performed. If this pass through the point 
hy k we have 

This is an equation of the (n — 1)**^ degree in x and 
y and represents a curve of the (n — 1)**^ degree passing 
through the points of contact of the tangents drawn from 
the point (A, k) to the curve /(a?, y) = 0. These two 
curved have n(n — l) points of intersection, and there- 
fore there are n (w — 1) points of contact corresponding 
to n (n — 1) tangents, real or imaginary, which can be 
drawn from a given point to a curve of the n^ degree. 
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Thus for a conic, a cubic, a quartic, the maximum 
number of tangents which can be drawn fix)m a given 
point is 2, 6, 12 respectively. 

98. Number of Normals which can be drawn 
to a Cnnre to pais through a given point. 

Let A, k be the point through which the normals are 
to pass. 

The equation of the normal to the curve /(a?, y)*^0 
at the point {x, y) is 

/. " /v • 
If this pass through A, fc, 

(A-a;)/y = (fc-y)/,. 

This equation is of the n^ degree in a? and y and 
represents a curve which goes throttgh the feet of all 
normals which can be drawn from the point h,k to the 
curve. Combining this with /(a?, y) = 0, which is also 
of the n^ degree, it appears that there are n' points of 
intersection, and that therefore there can be n" normals, 
real or imaginary, drawn to a given curve to pass through 
a given pomt. 

For example, if the carve be an ellipse, n=2, and the number of 
normals is 4. Let ^ + r, = 1 be the equation of the oarve, then 

(A-x)^=(*-j,)^ 

is the curve which, with the ellipse, determines the feet of the normals 
drawn from the point (h, k). This is a rectangular hyperbola which 
passes through the origin and through the point {h, k). 

The student should consider how it is that an infinite number of 
normals can be drawn from the centre of a circle to the circumference. 

99. The curves 

(A-.'^)/; + (fc-y)/v = (1), 

and (A-^)/y-(A:-y)/* = (2), 
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on which lie the points of contact of tangents and the 
feet of the normals respectively, which can be drawn to 
the curve f{x, y) = so as to pass through the point 
(A, k\ are the same for the curve f{x, y) = cL And, as 
equations (1) and (2) do not depend on a, they represent 
the loci of the points of contact and of the feet of tfie 
normals respectively for all values of a, that is, for all 
members of the family of curves obtained by varying a 
in f(oc, y) = a in any manner. 

EXAMPLES. 

1. Through the point A, k tangents are drawn to the curve 

Ax^-hBf^l; 
show that the points of contact lie on a conic. 

2. If from any point P normals be drawn to the curve whose 
equation is ^'^maaf^, show that the feet of the normals lie on a 
conic of which the straight line joining F to the origin is a dia- 
meter. Find the position of the axes of this conia 

3. The points of contact of tangents from the point A, ir to 
the curve a^+2/^=Zax7f lie on a conic which passes through the 
origin. 

4. Through a given point A, k tangents are drawn to curves 
where the ordinate varies as the cube of the abscissa. Show that 
the locus of the points of contact is the rectangular hyperbola 

ary-i-it:F--3Ay=0, 

and the locus of the remaining point in which each tangent cuts 
the curve is the rectangular hyperbola 

^-4t^+3Ay=0. 

EXAMPLES. 

1. Find the points on the curve 

at which the tangent is parallel to the axis of x. 

Show also that the tangents at the first and third inter- 
sections with the ^-axis are parallel, and at the middle inter- 
section the tangent makes an angle IZb'' with that axis. 
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2. In any Cartesian curve the rectangle contained by the 
subtangent and the subnormal is equal to the square on the 
corresponding ordinate. 

3. Show that the only Cartesian locus in which the ratio 
of the subtangent to the subnormal is constant is a straight 
line. 

4. If the ratio of the subnormal to the subtangent vary as 
the square of the abscissa the curve is a parabola. 

5. Show that in any curve 

Subnormal _ /Normal y 
Subtangent ~" \Tangent/ 

6. Find that normal to 

which makes equal intercepts upon the co-ordinate axes. 

7. Prove that the sum of the intercepts of the tangent to 

upon the co-ordinate axes is constant. 

8. Show that in the curve 

y=alog(:r2-a2), 
the sum of the tangent and the subtangent varies as the product 
of the co-ordinates of the point 

9. Show that in the curve 

the m^ power of the subtangent varies as the n^ power of the 
subnormal 

10. In the curve y* = a* ~ ^^ the subnormal a ^- and the sub- 
tangent X X, 

a 

11. Show that in the curve y^he * the subtangent varies as 
the square of the abscissa. 

12. If in a curve the normal varies as the cube of the ordinate, 
find the subtangent and the subnormal 

13. Show that in the ciirve for which 
<=clo^ 

the tangent is of constant length. 



<=clog- 
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14r Show that in the curve for which 

y2^c2+«8, (The Catenary) 

the perpendicular from the foot of the ordinate upon the tangent 
is of constant length. 

15. Show that the polar subtangent in the curve r=a6 (The 
Spiral of Archimedes) varies as the square of the radium vector, 
and the polar subnormal is constant. 

16. Show that the polar subtangent is constant in the curve 

rB=a, (The Reciprocal Spiral.) 

17. Show that in the curve 

r^ae^^^^'-, (The Equiangular Spiral.) 

(1) the tangent makes a constant angle with the radius 
vector; 

(2) the Polar Subtangent = r tan a ; 
the Polar Subnormal =:r cot a ; 

(3) the loci of the extremities of the polar subtangent, 
the polar subnormal, the perpendicular upon the tangent from 
the pole are curves of the same species as the original 

18. Show that each of the several classes of curves (Cotes's 
Spirals) 

r—a^^ rB—ay rBinnB^a^ rsinhn^=a, 
f cosh n^=a, 
have pedal equations of the form 

where A and B are certain constants. 

19. Find the angle of intersection of the Cardioides 

r=a (1+cos^), 
r=6(l-cos^). 

20. Find the angle of intersection of 
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21. Show that the condition of tangency of 

a7coso+ysino=j?, 

with af^=a^'^^^ 

is ^"*'*"*.m*^. w*=(m+w)"*'''*flt*"+'*cos*^osin*a. 

Hence write down the equation of the locus of the foot Of the 
perpendicular from the origin upon a tangent. 

22. Show that in the curve (the cycloid) 

^=a(^+sin^), 
y=a(l-cos^), 

^ = 2acos|and ^=V2^y. 

23. Show that in the curve (an epicycloid) 

ar=(a+6)cos^— 6cos — ,— ^, 

y=(a+o)sm^— 6sin —j—Oy 
we have 

p=(a+26)Bin|j<?; ^=^6; p=(a+26)sin ^^ ; 

and that the pedal equation is 

24. Show that the normal to y^—^ax touches the curve 

27ay2=4(a7-2a)3. 

25. Show that the locus of the extremity of the polar sub- 
tangent of the curve 



^+^'(1+^)-^- 



E. D. C. 8 
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26. Show that the locus of the extremity of the polar sub- 
normal of the curve 

27. In the curve 

r fw+iitan^Wl+tang, 
show that the locus of the extremity of the polar subtangent is 
— — r=l+cos^. 
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ASYMPTOTES. 



100. Def. If a straight line cut a curve in two 
points at an infinite distance from the origin and yet is 
not itself wholly at infinity, it is called an asymptote to 
the curve. 

101. To obtain the Assrmptotes. 

If <f>(a^.y) = o (1) 

be the equation of any rational algebraic curve of the 
n^ degree, and 

y = mx + c (2) 

that of any straight line, the equation 

<f>(x,mx-{'C) = (3) 

obtained by substituting the expression vix + c for y 
gives the aoscissae of the points of intersection. 

This equation is in general of the n^ degree, showing 
that a curve of the n^ degree is in general cut in 
n points real or imaginary by any straight line. 

The two constants of the straight line, viz. m and c, 
are at our choice. We are to choose them so as to 
make two of the roots of equation (3) infinite. We 
then have a line cutting the given curve so that two 
of the points of intersection are at an infinite distance 
from the origin. 

8—2 
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Imarine equation (3) expanded out and expressed in 
descending powers of a? as 

^«;~ + £a?~-i + (7a?~-* -f ... +ir = (4), 

AyBj Gy etc. being certain functions of m and c. 

The equation whose roots are the reciprocals of the 
roots of this equation is 

^ + £2: + C^ + ... + ir^~ = 



^by putting a? = -j; 



and it is evident that if A and B be both zero two roots 
of this equation for z will become evanescent, and 
therefore two roots of the equation for x become infinite. 
If then we choose m and c to satisfy the equations 

^ = 0, jB = 0, 

and substitute their values in the equation 

y = mx + c, 

we shall obtain the equation of an asymptote. 

102. It will be found in examples (and it admits 
of general proof) that the equation -4 = contains m 
only and in a degree not higher than n. Also that 
5 = contains c in the first degree. Hence a curve of 
the n^ degree does not possess more than n asjnnptotes. 

Ex. Find the asymptotes of the curve 

Patting y = mX'\'Cy 

{mx-\-eY - x^ {inx-\-c) + 2 (ma; + c)' + 4 (iiiaj + c) + x=sO, 
or (m«-m)a:' + (3m'c-c + 2m«)a;2+...etc.=0. 

We now are to choose m and c so that 

m*-m=0| 
and 3m2c-c + 2m2=0j ' 

The first equation is a cubic for m and gives m=0, 1 or - 1* 
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The second equation is of the^rxt degree in c and gives 

If wi=0 we have c=0; 

if m=lwehave c=-l; 

if tii= - 1 we have c= - 1. 

Henoe we obtain three asymptotes, viz. 

y=0, 

EXAMPLES. 

Find the asymptotes of 

1. y^-6xt/^ + lla:^-6a^+x+^=0, 

3. y5-3a%+^-3a;'+2y2+2^+4^+5y+6=0. 

5. (2a?+3y) (3a:+4y) (4r +6y) +26^+ 70:^3^ +47y2+ar+3y 

103. The case of parallel Assrmptotes. 

After having formed equation (4) of Art. 101 
by substitution of mx + c for y and rearrangement, 
it sometimes happens that one or more of the values 
of m, deduced from the equation -4 = 0, will make 
B vanish identically, and therefore any value of c will 

S've a line cutting the curve in two points at infinity. 
L this case as the letter c is still at our choice, 
it may be chosen so as to make the third coeflBcient 
C vanish. It will be seen from examples that each such 
value of m now gives rise to two values of c. This is 
the case of parallel asymptotes. The two lines thus 
obtained each cut the curve nt three points at infinity. 



Digitized by VjOOQIC 



118 DIFFERENTIAL CALCULUS. 

Ex. Find the asymptotes of the ouhic curve, 

Putting fftx+c for y and rearranging, 

(m8-5m»+8TO-4)x»+(3m*c-10mc+8c-8m»+9m-6)a;« 

+ (3mc«-6c2-6mc + 9c+2m-2)x+c»-3c«+2c-l=0. 

Choosing m'-6m'+8m-4=0) 

and 3wi^-10mc + 8c-3m2+9m-6=0| ' 

the first gives (i» - 1) (m - 2)» = 0, 

whence m=l, 2 or 2. 

If m=:l the second equation gives c=0 and the corresponding 
asymptote is ^ =x. 

If m=:2 we have 12c - 20c + 8c - 12 + 18 - 6 which vanishes identi- 
cally for all finite values of c. Thus arvu line parallel to y=2a; will 
cut the curve in two points at infinity. We may however choose c so 
that the next coefficient 

3mc2-5c'^-6mc+9c + 2ifi-2 

vanishes for the value fit =2, giving 

c2-3c+2=0, i.e. c=l or 2. 

Thus each of the ^stem of lines parallel to ^=2x cuts the curve 
in two points at infinity. But of all this infinite system of parallel 
straight lines the two whose equations are 

2/=2x + l, 

and y=2x+2, 

are the only ones which cut the curve in three points at infinity and 
therefore the name asymptote is confined to them. 

The asymptotes are therefore 

y=x \ 

y=2a?+lL . 
y=2x + 2j 

EXAMPLES. 

Find the asymptotes of 

1. y'-^*-^y+^+^-y^=l. 

2. /-24y»+2aH^-a;*-3a7*+acV+3^^~'V-2^+2y2=i, 
9, (y2_^«)«-2(^-f-y«)=l, 
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104. Those asymptotes which are parallel to the y- 
axis will not be discovered by the above processes for 
their equations are of the form x = a, and are not 
included in the form y = mx + c for a finite value of m. 
We, therefore, specially consider the case of those 
asymptotes which may be parallel to one or other of 
the co-ordinate axes. 

105. Asymptotei Parallel to the Azei. 

Let the equation of the curve be 
aofl?" + OiX'^^y + a^'^Y + . . . + On^ixy''-^ + any"" 
+ biX^^ +b^xf*^y + + 6»y*^^ 

+ ... = (1). 

If arranged in descending powers of x this is 

aaa^ + (aiy + &0^^'+" = (2). 

Hence, if ao vanish, and y be so chosen that 

Oiy + 6i = 0, 

the coefficients of the two highest powers of x in equa- 
tion (2) vanish, and therefore two of its roots are infinite. 
Hence the straight line d^y + 6i = is an asymptote. 

In the same way, if a^ = 0, an-iX + 6n = is an 
asymptote. 

Again, if a© = 0, Oi = 0, bi = 0, and if y be so chosen 
that 

a^-^b^ + c^-O, 

three roots of eauation (2) become infinite, and the 
lines represented by 

aay'+62y + c, = 

represent a pair of asymptotes, real or imaginary, parallel 
to the axis of ^, 
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Hence the rule to find those asymptotes which are 
parallel to the axes is, "equate to zero the coefficients of 
the highest powers ofx and y!* 

Ex. 1. Find the asymptotes of the cmre 

x*y« - ar^ - xy'+ j:+y + 1 =0. 

Here the coefficient of «• is y^-y and the coefficient of y* is o^-a:^ 
Hence ac=0, x = l, y=0, and y=l are asymptotes. Also, since the 
curve is one of the fourth degree, we have thus obtained all the 
asymptotes. 

Ex. 2. Find the asymptotes of the cubic curve 

ar» +2x*y + xy* - a;* - acy + 2=0. 

Equating to zero the coefficient of y^ we obtain x=0, the only asym- 
ptote parallel to either axis. 

Putting rnx-^-c for y, 

a:»+2a:» (mx + c) +x (»w: + c)»-a;2- X (mx+c) + 2=0, 

or rearranging, 

X* (1 + 2m+m*)+x« (2c + 2jiic - 1 - m) +x (c»- c) +2=0, 

l + 2?»+m'=0 gives two roots m= -1. 2c+2iim:-1-wi=0 is an 
identity if m= -1 and this fails to find c. Proceeding to the next 
coefficient c*-c=0 gives c=0 or 1. 

Hence the three asymptotes are x=0, and the pair of parallel lines 

y + x=0, 

2/ + x=l. 

BXAMPLTO. 

1 . The asymptotes of y^ (a^ — a*) = a? are 



y = X 

07= + a) 



2. The co-ordinate axes are the asymptotes of 

3. The asymptotes of the curve a^y^^(?{x^-\-y^) are the 
sides of a squara 

106. The methods given above will obtain all linear 
asymptotes. It is often more expeditious however to 
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obtain the oblique asjrmptotes as an approximation of 
the curve to a linear form at infinity as described in the 
next article. 

107. Form of the Curve at Infinity. Another 
Method for Oblique Asymptotes. 

Let Pry Fr be used to denote rational algebraical 
expressions which contain terms of the r^ and lower, but 
of no higher degrees. 

Suppose the equation of a curve of the n^ degree to 
be thrown into the form 

(aa?-f6y + c)Pn-i + jPn-i = (1). 

Then any straight line parallel to ax + fty = obviously 
cuts the curve m one point at infinity ; and to find the 
particular member of this family of parallel straight 
lines which cuts the curve in a second point at infimty, 
let us examine what is the ultimate linear form to 
which the curve gradually approximates as we travel to 
infinity in the above direction, thus obtaining the ulti- 
mate direction of the curve and forming the equation 
of the tangent at infinity. To do this we make the x 
and y of the curve become large in the ratio given by 

X : y^ — b : a, 

and we obtain the equation 

If this limit be finite we have arrived at the equa^ 
tion of a straight line which at infinity represents the 
liihiting form of the curve, and which satisfies the 
definition of an asymptote. 

To obtain the value of the limit it is advantageous 

to put x = —- and y = t , and then after simplification 
t t 

make ^ = 0. 
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Ex. Find the asymptote of 

a:* + 3a^ + 3ary 2 + 2y» = a:« + y * + j:. 
We may write this ctirye as 

whence the equation of the asymptote is given by 

and putting x — -—- , y = ^ we have 

4.12 

x + 2y=I,t,^ 



? 


^? t 


it^- 


-2t 


5 


T 


t» + «« 


3 


= 3' 




x+%=| 









Example. Show that x+y=^ is the only real asymptote of tiie 
curve (x + y) (x* + y*) = a (x* + a*). 

108. Next, suppose the equation of a curve put 
into the form 

then the line cw7 + 6y + c = cuts the curve in two 

Joints at infinity, for no terms of the n^ or (n — 1)* 
egrees remain in the equation determining the points 
of intersection. Hence m general the line 

cuc-hby + c = 

is an asymptote. We say, in general, because if iV-i 
be of the form (aa?-f 6y + c)P,^-4, itself containing a 
factor cue -\- by -he, there will be a pair of asymptotes 
parallel to cur + 6y + c = 0, each cutting the curve in 
three points at infinity. The equation of the curve 
then becomes 
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and the equations of the parallel asymptotes are 

where x and y in the limit on the right-hand side be^ 

X i) 

come infinite in the ratio - = — . 

Or, if the curve be written in the form 

(cue + byyPn^ + (ax -h by) F^^ -\-fr^ = 0, 

in proceeding to infinity in the direction aa? + 6y = 0, 
we have 

(ax+byy'{-{ax+by).Lt^+Lt'^==0, 
when the limits are to be obtained by putting ^ = — - , 

y = T > and then diminishing t indefinitely. We thus 
t 

obtain a pair of parallel asymptotes, 

ax + by -a and ax + by = ^^ 
where a and fi are the roots of 

And other particular forms which the equation of 
the curve may assume can be treated similarly. 

Ex. 1. To find the pair of parallel asymptotes of the curve 
(2x-3y + l)2(a?+y)-8x+2y-9=0. 

Here 2x-^ + l= ^Ju ^'^y^^ 

V x+y 

where x and y become infinite in the direction of the line 2a; =3^. 

8 2 

Patting x=-, y='ri the right side becomes :t2. Hence the 
t t 

l^piptotes repaired are 2a;- 3^ = 1 and 2x- 8y + 3=0, 
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Ex. 2. Find the asymptotes of 

(aj-y)2(a:«+y3)-10(x-y)x» + 12y« + 2«+y = 0. 

Here (x-y)«-10(x-y)X«,.^^^ + 12i:t.„^^,=0, 

or (x-y)2-6(a;-y) + 6=0, 

giving tho parallel asymptotes x-y=^2 and x - ^ = 3. 

109. As3rmptotes by Inspection. 

It is now clear that if the equation i^» = break up 
into linear factors so as to represent a system of n 
straight lines, no two of which are parallel, they will be 
the asymptotes of any curve of the form 

Ex. 1. (x-|/)(aj+y)(a: + 2y-l)=3x+4y + 5 

is a cubic ctirye whose asymptotes are obviously 

x-y=0, 

a: + 2y-l = 0. 

Ex. 2. (x-y)»(x+2y-l) = 3j;+4y + 6. 

Here x+2j^-l=0 is one asymptote. The other two asymptotes 
are parallel to y = x. Their equations are 



^-2^=V^^TT23F=^Vl 



110. Case in which all the Asymptotes pass 
through the Origin. 

If then, when the equation of a curve is arranged in 
homogeneous sets of terms, as 

it be found that there are no terms of degree w — 1, and 
if also Un contain no repeated factor, the n straight lines 
passing through the origin, and whose equation is u^ = 0, 
$u:e the n asymptotes, 
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EXAMPLES. 

Find the asymptotes of the following curves : — 
1. y3=^(2a_a7). 2. y3=a;(a«-^. 

3. x^+y^=a\ 4. y{a^^-a^)=^a^x, 

5. axy^a^-a\ 6. y*(2a-4r)=:r'. 

7. a^-\-y^=^axy. 8. xhf^-y^x^a^ 

11. xy{x-y)-a{a^-y^) = }^. 12. (a«-:c8)y«=a?2(a2+^). 

13. a?3^2=4a«(2a-a?). 14. y* (a-:r)=^(6-a7)«. 

15. a^=a^+x+y. 16. a7y2-|-«2yss:j:r3-|.w2^+na?+jy. 

17. 4:3^24;8y_^y_2y3^4y2 + 2a?y+y-l=0. 

18. 4;3_2j;^+d7y2-h^-^+2=0. 

19. y(x-yf=y{a;-y) + 2. 

20. :F3 + 2a%-4a?y*-8y3-4^+8y=l. 

21. (^+y)2(^+2y-h2)=a;+9y-2. 

22. 3^ + na%+21^2-9y3-2a^-12<x:ty-18ay_3^2^+flj2y 

=0. 

111. Intersections of a Curve with its Asym- 
ptotes. 

If a curve of the n^ degree have n asymptotes, no 
two of which are parallel, we have seen in Art. 109 that 
the equations of the asymptotes and of the curve may 
be respectively written 

and Fn + Fn-2 = 0. 

The n asymptotes therefore intersect the curve again 
at points lying upon the curve Fn-2 = 0. Now each 
asjrmptote cuts its curve in two points at infinity, and 
therefore in n — 2 other points. Hence these w (n — 2) 
points lie on a certain curve of degree n — 2. For 
example, 
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1. The asymptotes of a cubic will cut the curve 

agaiu in three points lying in a straight line ; 

2. The asymptotes of a qimrtic curve will cut the 

curve again in eight points lying on a conic 
section; 
and so on with curves of higher degree. 

EXAMPLES. 

1. Find the equation of a cubic which has the same asym-^ 
ptotes as the curve a^ - 6a^+llxi^ - Qy^+x+^f+l =0, and which 
touches the axis of y at the origin, and goes through the point 

(3, 2). 

2. Show that the asymptotes of the cubic 

cut the curve again in three points which lie on the line 

3. Find the equation of the conic on which lie the eight 
points of intersection of the quartic ciuve 

with its asymptotes. 

4. Show that the four asymptotes of the curve 
(4^-y2)(y2-4r8)-&r3+5^+3^8-2y3-a;«+3^-l=0 

cut the curve again in eight points which lie on a circle. 

112. Polar co-ordinatei. 

When the equation of a curve is given in the form 

rfi(ff)+M0) = O (1). 

it is clear that the directions given by 

M0)=o (2), 

are those in which r becomes infinite. 

Let this equation be solved, and let the roots be 
a, /8, 7, etc. 
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Let XOP = a. Then the radius OP, the curve, and 
the asymptote meet at infinity towards P. Let OY{^p) 




be the perpendicular upon the asymptote. Since OT 
is at ri^t angles to OP it is the polar subtangent, and 

p = — -T- . Let XOY— a\ and let Q be any point whose 

co-ordinates are r, upon the asjrmptote. Then the 
equation of the asymptote is 

p = rcos(^-a') (3). 



It is clear from the figure that a' = a — 



TT 

2* 



J/} 1 

To find the value of — 3- when w = 0, write - 

au u 

for r in equation (1), and we have 
Whence differentiating 
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Putting ^ = a, and therefore t* = 0, we have (if/,' (a) 
be finite) 

I dMJ„=o //(a) ^*^' 

— T-) for j) in equation 
(3) and we obtain 

A^=rcos(^-a + |)=rsm(«-^). 

Hence the equations of the asymptotes are 

r.sin(a-^)=|^. 

rsin(y8-^)=^^. 
etc. 

113. Rule fbr Drawing the Asymptote. 

— -7-j imagine 

we stand at the origin looking in the direction of that 
value of which makes u = 0. Draw a line at right 
angles to that direction through the origin and of length 

— -7- 1 to the right 

or to the lefty according as that value is positive or 
negative. Through the end of this line draw a perpen- 
dicular to it of indefinite length. This straight line 
will be the asymptote. 

Ex. Find the asymptotes of the curve 
rcos^-asin^=0. 
Here /^ {6) = cos 6 and /q {0)=-a sin 6, 

cos d=0 gives a = «j , /3 = ^ , etc. 
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and the length of the polar snbtangent 

//(a) -sin a 
Henoe the equations of.the asymptotes are 

rsin f^- ^j=a and r sin (-5-- ^)=a, 

i.e, rcoB^=a and r cos 9= -a. 

These are perpendicular to the initial line and at distances a respeo- 
tiyely to right and left of the origin. 

EXAMPLES. 

Find tiie asymptotes and draw their positions for the follow- 
ing curves : — 

1. r6i=a, 2. r6^a, 

3. rsinw^=a. 4. r=acosec^-|-6. 

5. r=2asin^tan^. 6. rsin2^=acos3^. 

7. r=a+6cotn^. 8. r*sinn^=a*. 

114. Circular Asymptotes. 

In many polar curves when d is increased indefinitely 
it happens that the equation ultimately takes the form 
of an equation in r which represents one or more con- 
centric circles. 

For example, in the onrye r==ia - — r^ , 
which may be written r=a , 

^-^ 

it is clear that if e becomes very large the ourre approaches in- 
definitely near the limiting circle r=a. 

Such a circle is called an asymptotic circle of the 
curve. 

E. D. c. 9 
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EXAMPLES. 

Find the asymptotes of the following curves : — 
1. 3fi-2^^a^xy, 2, ^— ^=cMr*. 

a?*4-l 

5. (.-a)y«=(2a-.)^. 6. y=-^^^^^. 

9. {3?-y^^=a*ifi-h^\ 10. y2(aJ_^)=(^_2a»)«. 

11. S = 5^'. 12. ^=(-l)'(.-4). 

13. (y-ar)2a;8=4(y-a;)2-f-16. 14. {3^-4y^f^2{x^-\-f). 

15. a7y*-y=aa;3+ft;2;2..|.^j^..|.^^ 

16. (y-2a7)a(ar+4y)+3(y-ar)(3a7+4^)=5. 

17. (y-ar)2(at'+4y) + 3(y-2^)(3^+4y) + lly=5. 

18. 3^-4i;y3+ary+4r^-4r* 

+ 3y3-6:P2^2_3^+6^^2ya-2a;8=-p^ 

19. r=6secaA 

20. r(e*-l)=a(e*+l). 

Find also the circular asymptote. 

21. r(^-l)=a^. 

Find also the circular asymptote. 

22. rcos^=2a .. ^^° ^ . 23. r cos 2d = a sin 3d. 

1 + smd 

24. Show that the asymptotes of 

form a square. 

25. Show that the asymptotes of 

form a square, through two of whose angular points the curve 
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26. Show that the asymptotes of 

cut the curve agam in three points collinear with the origin. 

27. Show that the asymptotes of the quartic 

cut the curve again in eight points lying upon a rectangular 
hyperbola. 

28. Show that the asymptotes of the quartic 

cut the curve again in eight points lying upon a parabola which 
touches the co-ordinate axes. 

29. Show that the three quartics 

(a) ^(a^»-2^2) + 2a;8+y2=l, 

(6) xy{x^-y^)-^a^+2y^=l, 

(c) xy (a;*~y2)+2^2^2a?y+2y«=l 

have the same asymptotes; and that each of the three conies 
on which lie the other eight points of intersection of each cm^e 
with its asymptotes have double contact with a certain circle. 

30. Find the asymptotes of the sextic 

Show that they cut the curve again in twenty-four points 
lying upon a certain quartic. Find the equation to this quartic 
and show that its own asymptotes are common with four asymp- 
totes of the sextic and that they cut the quartic again in eight 
points lying upon a circle. Also that the remaining asymptotes 
of the sextic are tangents to this circle. 



9—2 
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116. Angle of Contlngence. 

Let PQ be an arc of a curve. Suppose that between 
P and Q the bending is continuously in one direction. 
Let LPR and MQ be the tangents at P and Q, inter- 




secting at T and cutting a given fixed straight line LZ 
in L and M. Then the angle RTQ is called the angle 
of contlngence of the arc P^. 

The angle of contingence of any arc is therefore the 
diflference of the angles which the tangents at its ex- 
tremities make with any given fixed straight line. It 
is also obviously the angle turned through by a line 
which rolls along the curve fi:om one extremity of the 
arc to the other. 
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116. Measure of Cuxratore. 

It is clear that the whole bending or curvature which 
the curve undergoes between P and Q is greater or less 
according as the angle of contingence RTQ is greater or 

less. The fraction — ^ — -rr — ?— ^^ is called the 

length of arc 

average bending or average curvature of the arc. We 

shall define the curvature of a curve in the immediate 

neighbourhood of a given point to be f A« rate of deflection 

from the tangent at that point. And we shall take as 

a measure of this rate of deflection at the given point 

xi_ T vl i» xi_ • angle of contingence , 

the limit of the expression — ^ -t — ? — ^ when 

^ length of arc 

the length of the arc measured from the given point, 
and therefore also the angle of contingence are inde- 
finitely diminished. 

117. Cunrature of a Circle. 

In the case of the circle the curvature is the same at 
every point and is measured by the reciprocal of the 

RADIUS. 




For let r be the radius, the centre. Then 

r 
the angle being supposed measured in circular measure. 
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Hence 

aagle of contingence _1 
length of are ~ r ' 

and this is true whether the limit be taken or not. 
Hence the "curvature" of a circle at any point is 
measured by the reciprocal of the radius. 

118. Circle of Curvature. 

If three contiguous points P, Q, R be taken on a 
curve, a circle may be drawn to pass through them. 
When the points are indefinitely close together, PQ and 
QR are ultimately tangents both to the curve and to 
the circle. Hence at the point of ultimate coincidence 
the curve and the circle have the same angle of con- 
tingence, viz, the angle RQZ (see Fig.). Moreover, 
the arcs PR of the circle and the curve differ by a 
small quantity of order higher than their own, and 
therefore may he considered equal in the limit (see Art. 
81). Hence the curvatures of this circle and of the 




curve at the point of contact are equal. It is therefore 
convenient to describe the curvature of a curve at a 
given point by reference to a circle thus drawn, the 
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reciprocal of the radius being a correct measure of the 
rate of bend. We shall therefore consider such a circle 
to exist for each point of a curve and shall speak of it 
as the circle of curvature of that point. Its radius 
and centre will be called the radius and centre of 
curvature respectively, and a chord of this circle 
drawn through the point of contact in any direction 
will be referred to as the chord of curvature in that 
direction. 

119. Formula for Radius of Curvature. 

Let PQ and QR be considered equal chords, and 
therefore when we proceed to the limit the elementary 
arcs PQ and QR may be considered equal. Call each 
Bs, and the angle RQZ= Sif-. 

Now the radius of the circum-circle of the triangle 
PQRia 

PR 
2smPQR' 
Hence if p be the radius of curvature, we have 



2sinPQjB 2sinSi|r 



__ J. Ss S^lr __ ds 
S^ * sin Sy^ "" dy^ 



..(A). 



Also, it is clear that the lines which bisect at right 
angles the chords PQ, QR intersect at the circum- 
centre of PQR, %.e. in the limit the centre of curvature 
of any point on a curve may be considered as the point 
of intersection of the normal at that point with the normal 
at a contiguous and ultimately coincident point, 

lao. The formula (a) is nsefnl in the case in which the equation 
of the curve is given in its intrinsic form, i,e, when the equation is 
given as a relation between « and rp. For example, that relation for 
a catenary is «=c tan ^, whence 

* ^1 
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and the rate of its deflection at any point is measured hj 
1 _ eof^\f/ _ c 

121. Tramformatioiui. 

This formula must be transformed so as to suit each 
of the systems of co-ordinates in which it is usual to 
express the equation of a curve. These transformations 
we proceed to perform. 

We have the equations 

, dx ' , dy 

Hence, differentiating each of these with respect to s, 
, dylr d^x , dytr dhi 



1 


d^ 


dd' 


p 


dy 


= 3^ 




t 


ds 



whence =__ = _ (b). 



and by squaring and adding 

H^)'*m <«^ 

These formulae (b) and (c) are only suitable for the 
case in which both x and y are known functions of 8. 

122. Cartesian Formula. Explicit Functions. 

Again, since tan -i^ = -^ , 

we have sec* t^ V- = i~ , 

^ dx da? 

by differentiating with regard to x. 
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Now ^ = ^.^ = _i_. 

dx da ' dx pcos'i^' 

therefore sec* '^ • " = 3^ » 

and sec«'i/r = l+tan«'^Jr = H-f^j ; 

therefore ^ = ±I_^LL (d). 

This important form of the result is adapted to the 
evaluation of the radius of curvature when the equation 
of the curve is given in Cartesian co-ordinates, y being 
an explicit function of x. 



Ex. In the 


curve 


y=log8ma?, 


we haye 




yi=cota?, 

yj= -00860*3?. 


Henoe 




(l+cot»a!)* 



123. Cunrature at the Origin. 

When the curve passes through the origin the values 
of -^ (=2>) and -7^ (= q) at the origin may be deduced 
without actual diflferentiation by substituting for y the 
expression pa? + ^ + . . . (the expansion of y by Mac- 
laurin's Theorem) and equating coefficients of like 
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powers of a? in the identity obtained. The radius of 
curvature at the origin may then be at once deduced 
from the formula 

^ = + (I±P!)_ [Formula (d)]. 

Ex. Find the curvature of the conic y-aj=x*+2xy+y* at the 
origin. 

X* 

Putting y=P^+32T'^** 

we have (i?-l)aj + ^ + ...=iC«+2px2+pax»+... 

identically; 

whence by equating coefficients of like powers of x, 
1>=1, <^=2(i>+l)«=8, 

and ^=(l±^=2-*=.3636.... 

124. If we apply the same method to the general curve 

+a'a^+2A'xy + 6y 

+ =0 ...(1), 

we obtain after substituting 

and collecting the powers of x, 

(a+6p)«+ra'+2Vi> + 6y+^^ar»+...=0. 

Hence a + 6p=0 (2), 

a'4-2Vi) + 6yj+^=0 (3), 

etc., 
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givmg l'="5' g=-2 ^^ ^,eto., 

whence ^==^^-7— = 2 a- fe^Uvaft + ya' <*>' 

the value of the radios of cnryatnre of the giyen cnrye at the origin. 

126. Tangent! at the origin. Double point. 
It will be noted that the equation 

a 

indicating the valne of ^ at the origin proves the equation of the 
tangent there to be 

?=-^, or aX + 6r=0, 

A 

which therefore might be at once written down as being the terms of 
the lowest degree in the equation of the curve (see Art. 87). 

When no linear terms occur in the equation of the curve we have 
a=0 and 6=0, and the value of -^ at the origin takes an undeter- 
mined form. We however obtain from equation (3) the quadratic 
6'l)»+2Vp+a'=0 (6), 

giving two values of p at the origin. It is thus indicated that in this 
case two branches of the curve pass through the origin in the direc- 
tions given by equation (5). The tangents to the curve at the origin 
are therefore 

a'Z2+2VZr+6'r«=0, 

a result which may be written down by inspection from the equation 
of the curve, by equating to zero the second degree terms; i,e, the 
terms of lowest degree (Art. 87). The origin is now said to be a 
double point upon the curve. 

The curvatures of the two branches at the double point may be 
obtained by the same method as before (Art. 123) as shown in the 
following example. 

Ex. Find the radii of curvature at the origin for the curve 
y* - 3xy + 2x* - «»+y*=0. 
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Substituting px+^x^+ ... for y, and collecting the powers of x, 
we have (p!i-Sp+2)x^-\-(pq-^q-l\a^-h...=0y 



whence 



whence 
and 



g 

etc., 
p=l or 2, 
g= -2 or 2, 

(1 +!>»)* _ 2^ 



and therefore p=^^^^^^^-^ = -^= -^2= -1-414..., 



or =^ = |VS=6-690.... 

The difference of sign introduced by the q indicates that the two 
branches passing through the origin bend in opposite directions. 




126. Newtonian Method. 

The Newtonian Method of finding the curvature of 
the curve at the origin is instructive and interesting. 
Suppose the axes taken so that the axis of a; is a tangent 
to the curve at the point A, and the axis of y, viz. AB, 
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is therefore the normal. Let APB be the circle of 
curvature, P the point adjacent to and ultimately co- 
incident with A in which the curve and the circle inter- 
sect ; PN a perpendicular upon AB. Then 

PN^=-AN.NB, 

or NB = -j-vt^. 

AN 

Now in the limit 

NB = AB = twice the radius of curvature. 

Hence P = ^^2AN^^% ^''^' 

Similarly, if the axis of y be the tangent at the 
origin, we have p=Lt^. 

Ex. Find the radius of carvatnre at the origin for the curve 

In this case the axis of y iba tangent at the origin, and therefore 

we shall endeavour to find Lt —- • 
2x 

Dividing by a?, 2afi+Sy^ .^-{-^xy +y-^-\-2=0. 

Now, at the origin Lt ^=2p, 2=0,2^=0, and the equation becomes 

-2p+2=0, 
or p=l. 



EXAMPLES. 

1. Apply formula (a) to the curves 

«=a^, «=asin^, «=asec3^, 

*=alogtan^|+|j. 
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2. Aj^y fOTmala (d) to the corves 

jf^Jf*, jf=ccoeh-, y=alog8ec-. 

3w Apfdy fi»inulae (b and c) to the coire for which 

«\ 
x^acoB- 
a 

. 9 

y=a sm - 

^ a 

4. Prove that in the case of the equiaogolar spiral whose 
intrinsic equation is 

,=a(^-l). 



P= 

5. For the tractnx t^clogsec^ prove that 

p=etan^. 

6. Show that in the curve 

the radius of curvature at the origin ='4714... , and that at 
the point (1, 3) it is infinite. 

7. Show that in the curve 

the radii of curvature at the origin are 

^v/17 and 5^2. 

8. Show that the radii of curvature of the curve 

f<Hr the origin = ±a >/2, 

a 



and for the point ( -a, 0) =- 



9l Show that the radii of curvature at the origin for the 
curve 

areeadi = -^. 
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10. Prove that the chord of ciirvature parallel to the axis 
of y for the curve 

y=alog8ec - 
is of constant length. 

11, Prove that for the curve 

««=m (sec^^-l), 

p = 3w tan ^ sec' ^, 
and hence that 

dx da^ 

Also, that this differential equation is satisfied by the semicubical 
parabola 

27my«=ar8. 



12. Prove that for the curve 

,=«logcotg-|)+«^, 



p=2asec'i|r ; 
and hence that 

and that this differential equation is satisfied by the parabola 

^=4ay. 

X 

13, Show that for the curve in which 9^a^ 

14. Show that the curve for which s^s/^a^ (the cycloid) 
has for its intrinsic equation 

<=:4asiui|r. 
Hence prove p=«4a f^ ^ ^ ^ * 
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15. Prove that the curve for which y^^(?-\-t^ (the catenary) 
has for its intrinsic equation 

«=ctani|r. 

Hence prove p=— =the part of the normal intercepted be- 
tween the curve and the ^-axis. 



127. Formula for Pedal Equations. 

Since a curve and its circle of curvature at any point 
P intersect in three contiguous and ultimately coincident 
points they may be regarded as having two contiguous 
tangents common. Therefore the values of r + Sr and 




p-\-hp are common in addition to those of r and p ; i,e, 

the value of -7- is common. Now let be the pole and 

G the centre of curvature corresponding to the point P 
on the curve. 

Then 0(7^ = r^ + p^ - 2rp cos OPG 

= r^ + p^— 2rp sin (f> 

= 7^ + p2_2/3p. 
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Considering this as referring to the circle (for which OG 
and p are constant) we obtain by differentiating 

and it has been pointed out that the values of r and 

-7- are the same at the point P for the curve and for 
dp ^ 

the circle. Hence for the curve itself we also have 

''^^^ <^>- 

Ex. In the equation |>'=iir^+B, which represents any epi- or 
hypocydoid [p. 113, Ex. 23], we have 

and therefore p ac |7. 

The equiangular spiral, in which ji ac r, is included as the case in 
which B=0. 

128. Polar Curves. 

We shall next reduce the formula to a shape suited 
for application to curves given by their polar equations. 

We proved in Art. 95 that 
^ \ dp ( ^ dhL\du 

Now p = -=— and r = - ; 

^ dp u 

S. D. C. 10 
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thereiore p = — ; -j- 



"^ '' 

129. This may easily be put in the r, d form 
thus : — 

Since w = -, 



we have 



r 

du _ 1 dr 
00" 7^d0' 



, ,, . d^!^ 2 /dr\» 1 dV 

and therefore ^^ = -^_j--,_; 

t^"^^VdgJ] 



therefore p = 



ill ^/drV^ldV) 



.(H). 



--Kl^ 

130. Tangential Polar Form. 

Let the tangent PiT make an angle y^ with the 
initial line. Then the perpendicular makes an angle 

a = -i/r — ^ with the same line. Let OY—p, Let P1P9 

be the normal, and P, its point of intersection with the 
normal at the contiguous point Q. Let OYi be the 
perpendicular from upon the normal. Call this p^. 
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Let PjPt be drawn at right angles to PiPj, and let the 

n9 




p; 



3 



length of OFa, the perpendicular upon it from 0, be p^. 

The equation of P^T is clearly 

2) = aJcosa + ysin a (1). 

The contiguous tangent at Q has for its equation 

p + ^ = a? cos (a + Sa) + y sin (a + Sa). . .(2). 

Hence subtracting and proceeding to the limit it ap- 
pears that 

^=:— a?sin a + ycosa (3) 

is a straight line passing through the point of inter- 
section of (1) and (2); also being perpenmcular to (1) it 
is the equation of the normal Pi A» 

Similarly -t^ = — a?cosa — ysina....* (4) 

represents a straight line through the point of inter- 
section of two contiguous positions of the line PiPj and 
perpendicular to PiPj, viz. the line P^P^y and so on for 
further differentiations. 

10—2 
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From this it is obvious that 

0Y=^-^ since ^- 1- 

^~da^~ d^' 
etc. 

Hence PiF= % , 

and p = PiP.= OF+OF,=p + ^...(i). 

This formula is suitable for the case in which p is given 
in terms of •^. 

Ex. It is known that the general |>, ^ equation of all epi- and 
hypooyoloids can be written in tiie form 





l?=i4BinB^. 


Hence 


/)= .4 sin B^ - .IB* sin Bf , 


and therefore 


P«l»- 



131. Point of Inflexion. 

If at some point upon a curve the tangent, after its 
cross and recross, crosses the curve again at a third 
ultimately coincident point, as shewn magnified in the 




figure, the point is called a point of inflexion. At such 
a point the two successive chords PQ, QR are in line 
and the angle of contingence vanishes. 
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At a point of inflexion the circle of curvature passes 
through three collinear points, and the radius of curva- 
ture becomes infinite and changes si^. We may hence 
deduce various forms of the condition for a point of 
inflexion ; thus if 

p = oo, 

we get -T- = from (a), 

2 = from (D), 

1^ + ^ = from (G), 
(dry d?r 



^+KST-^£='^'"<^>- 



132. List of Formulae. 

The formulae proved above are now collected for 
convenience. 

^=st ^^^' 

cPa? d^ 
p dy dx 

yi)'<2)' (=^ 

-a^' <»>■ 

P-L*Yy ^'=>' 

P^'-d^ <^>' 
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(«' + «,')» 
f'-u^u + u,) ^°^' 

f" »^ + 2n»-rr, *> -*' 



EXAMPLES. 

1. Apply formula (p) to the curves 

j^^ar, ap^T^, '^^~^ ' 

2. Apply formulfiB (g), (h) to the curves 

aw=^, r=^€LBy r=a sin ^. 

3. Apply the polar formula for radius of curvature to show 
that the radius of the circle 

r=:a cos^ is - . 
z 

4. Show that for the cardioide r = a (1 + cos 6) 

p=--cos-; t,e.y cc^r. 

Also deduce the same result from the pedal equation of the 

curve, viz., 

P V2a=rt. 

5. Show that at the points in which the Archimedean spiral 
r==a3 intersects the reciprocal spiral r^=a their curvatures are 
in the ratio 3 : 1. 

6. For the equiangular spiral r=cu^ prove that the centre 
of curvature is at the point where the perpendicular to the 
radius vector through the pole intersects the normal. 

7. Prove that for the curve 

r=a sec 2^, 
r* 
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8. For any curve prove the formula 

r 



¥T) 



where tan<^=-T- . 

Deduce the ordinary formula in terms of r and B, 

9. Show that the chord of curvature through the pole for 
the curve 

p=/(r) 

d/r f (r) 
is given by chord=2p Tp f'\r) ' 

10. Show that the chord of curvature through the pole of 
the cardioide 

4 
r=a (1+cos^) is s »■• 

11. Show that the chord of curvature through the pole of 
the equiangular spiral 

r=a^ is 2r. 

12. Show that the chord of curvature through the pole of 
the curve 

2r 

r^:=a^coam6 is r . 

m+l 

Examine the cases when m= - 2, — 1, -J, i, 1, 2. 

13. Show that the radius of curvature of the curve 

r=asinn^ 

.,,... na 

at the origin is — . 

14. For the curve f^^a^ cos m^, 



prove that p = , — . .. ^ , . 

Examine the particular cases of a rectangular hyperbola, 
lemniscate, parabola, cardioide, straight line, circle. 
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133. Centre of Curvature. 

The Cartesian co-ordinates of the centre of curva- 
ture may be found thus : — 

Let Q be the centre of curvature corresponding to 
the point P of the curve. Let OX be the axis of x ; 
the origin ; Xy y the co-ordinates of P ; x,y those of 




Q ; '^ the angle the tangent makes with the axis of x. 
Draw PN, QM perpendiculars upon the a?-axis and PR 



a perpendicular 


upon QM, Then 




x^OM^ON-RP 




==ON-QP&mylr 




= a? -- p sin '^, 


and 


y=^MQ = NP + RQ 




= y + pco8'>p^. 


Now 


tan^ = yi; 


therefore 


^:^ ^ _ yi 


'"^ Ji+yr^' 



and 



COS-^frrs 



Ji + yy 
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^=,_yL(i±i^)^ 



Hence 



" " y. 



(a). 



TtTAMPT,ft« 

1. For the parabola 

y=a!»/4a, 

«» _ - a** 

prove ^=-4^«' y=2«+4^- 

2. For the parabola 

prove i=2a+3a?, y=-2a;*/a^, p^2SI^/a\ 

SP being the focal distance of the point of the parabola whose 
coordinates are (x, y). 

3. For the ellipse 

prove ^= -^ a?», y= — g^- y^, p= ^, 

;9 being the central perpendicular upon the tangent at (^, y). 

4. For the cubical p6u*abola 

prove ^=-^i-_j, y=2a«+6S- 

Contact. 

134. Consider the point P at which two curves cut. 
It is clear that in general each has its own tangent at 
that point, and that if the curves be of the m^ and n^ 



Digitized by VjOOQIC 



154 DIFFERENTIAL CALCULUS, 

degrees respectively, they will cut in mn — 1 other 
points real or imaginary. 




Next, suppose one of these other points (say Q) to 
move along one of the curves up to coincidence with P. 
The curves now cut in two ultimately coincident points 
at P, and therefore have a common tangent. There is 
then said to be contact of the first order. It will be 
observed that at such a point the curves do not on tiie 
whole cross each other. 

Again, suppose another of the mn points of inter- 
section (viz. jfe) to follow Q along one of the curves to 




coincidence with P. There are now three contiguous 
points on each curve common, and therefore the curves 
have two contiguous tangents common, namely, the 
ultimate position of the chord PQ and the ultimate 
position of the chord QR. Contact of this kind is said 
to he of the second order y and the curves on the whole 
cross each other. 

Finally, if other points of intersection follow Q and 
R up to P, so that ultimately k points of intersection 
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coincide at P, there will be A: — 1 contiguous common 
tangents at P, and the contact is said to be of the 
(A? — 1)*** order. And if A? be odd and the contact there- 
fore of an even order the curves will cross, but if A? be 
even and the contact therefore of an odd order they will 
not cross. 

135. Cloeest Degree of Contact of the Conic Sections with a 
Cmre. 

The simplest carve which can be drawn so as to pass 
through two given points is a straight Une. 
do. three do. circle, 

do. four do. parabola, 

do. five do. conic. 

Hence, if the points be contiguoos and ultimately coincident points 
on a given curve, we can have respectively the 

Straight Line of Closest Contact (or tangent), having contact of the 
Jirst order and cutting the curve in two ultimately coincident 
points, and therefore not in general crossing its curve ; the 
Circle of Closest Contact, having contact of the second order and cut- 
ting the curve in three ultimately coincident points, and therefore 
in general crossing its curve (this is the circle already investigated 
as the circle of curvature) ; the 
Parabola of Closest Contact, having contact of the third order and 
cutting the curve in /our ultimately coincident points, and there- 
fore in general not crossing; and the 
Conic of Closest Contact, having contact of the fourth order and cut- 
ting the curve in Jive ultimately coincident points, and therefore 
in general crossing. 

It is often necessary to qualify such propositions as these by the 
words in general. Consider for instance the " circle of closest contact" 
at a given point on a conic section. A circle and a conic section 
intersect in four points, real or imaginary, and since three of these 
are real and coincident, the circle of closest contact cuts the curve 
again in some one real fourth point. But it may happen, as in the case 
in which the three ultimately coincident points are at an end of one of 
the axes of the conic that the fourth point is coincident iinth the other 
three, in which case the cirde of closest contact has a contact of 
higher order than usual, viz., of the third order, cutting the curve 
in four ultimately coincident points, and therefore on the whole not 
crossing the curve. The student should draw for himself figures of 
the circle of closest contact at various points of a conic section, 
remembering that the common chord of the circle and conic and the 
tangent at the point of contact make equal angles with either axis. 
The conic whidi has the closest possible contact is said to osculate 
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its eoxwt at the point of oontMt, and is called the otadaHng come. 
Thos the circle of curvature ie called the otculaUng circle, the para* 
hola of closest contact is called the oicuUUing parabola, and so on. 

136. Analytical Condittons for Contact of a 
given order. 

We may treat this subject analytically as follows. 
Let y=<l>(^)\ 

be the equations of two curves which cut at the point 

Consider the values of the respective ordinates at 
the points Pi, P, whose common abscissa is a? + A. 

Let MN^k 

N'P, = <l>(x + h), 

P,P^ = NP,-NP,^il>(x + h)^ylr(x-^h) 

[Pa 



Then 
and 




If the expression for P,Pi be equated to zero, the 
nK)t8 of the resulting equation for h will determine the 
points at which the curves cut. 
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If ^ (a?) = '^ {x), the equation has one root zero and 
the curves cut at P. 

If also ^'(a?) = '^'(a7) for the same value of a?, the 
equation has two roots zero and the curves cut 
in two contiguous points at P, and therefore 
have a common tangent. The contact is now of 
the first order. 

If also ^" (x) = yjr'' (x) for the same value of x, the 
equation for h has three roots zero and the 
curves cut in three ultimately coincident points 
at P. There are now two contiguous tangents 
common, and the contact is said to be of the 
second order; and so on. 

Similarly for curves given by their polar equations, 
if r =/(^), r = <t>(0) be the two equations, there will be 
w + 1 equations to be satisfied for the same value of 
in order that for that value there may be contact of the 
n^ order, viz. 

/w=<^w, /'w=f w, rw=f'w, 

EXAMPLES. 

1. Shew that the parabola whose axis is parallel to the y axis 
and which has the closest contact possible with the curve if=x^ 
at the point (1, 1) is 

2. Draw carefully the circle of curvature 

(1) at an ordinary point on an ellipse, 

(2) at the end of the major axis, 

(3) at the end of the minor axis, 

(4) at an ordinary point on a parabola, 
(6) at the vertex of the parabola, 

and name the order of contact in each case. 
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3. Shew that the curves 

have contact of the n* order at the origin. 

EXAMPLES, 

1. Find the curvature at the origin in the curves 

(a) y=2^+3a;*+4^, 

(6) y=2x+Zx^-\-^i 

(c) (y-^)(y-2d?)=473+y3, 

(flO (^-y)2(^-2y)(a?-3y) = 2a(^-y3)+2a2(4:+y)(^-2y). 

X 

2. In the curve y=ae^^ 

prove /j=asec2^cosec^, where ^=tan~i^, 

and that the curve has no point of inflexion. 

3. In the lima9on r=a+& cos 6y 

(gg+ggfecos^+ft^)^ 
P"^^® ^~a2+3a6cos^+262 > 

and hence shew that if a and 5 are both positive the lima^on can 
onlv have points of inflexion when a is intermediate between h 
and 25. 

Deduce for a cardioide (6= a), 

4 e 
p=3acos-. 

4. Shew that the curve y=c-«* has points of inflexion where 

^=±1/V2. 

6. Shew that y=a sin - has points of inflexion wherever it 
cuts the or-axis. 

6. Shew that the points of inflexion upon 
are given by a?=0 and a?== ±a ^3. 
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7. Shew that the curve 

has a point of inflexion where it cuts the x-axi& Find the 
equation of the tangent there. 

8. Shew that the curve 

has inflexions where it cuts the coordinate axes. 

9. Shew that the curve ^=log K j has a point of. inflexion 
at (-2, -2fl-«). 

10. Shew that r ^JB—a has a point of inflexion at a distance 
a ^2 from the pole. 

11. Find the points of inflexion upon 

12. Shew that in a parabola the chord of curvature through 
the focus and the chord of curvature parallel to the axis are each 
four times the focal distance of the point of contact. 

13. In a parabola the com mon chord of the curve and its 
circle of curvatmre = 8 'sjr{r—a), 

14. In the chainette y=CGoa\L- the chord of curvature 

parallel to the y-axis is double of the ordinate, and that parallel 
to the ^-axis 

= c smh — . 
c 

15. If Cgt and Cy be the chords of curvature parallel to the 
axes at any point of the curve 

X 

prove that 

16. If Cr and Cg be the chords of currature teapectivelj 
along and perpendicular to the radius vector, shew that 

Cr-—, Ct . 
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17. At the point upon the Archimedean Spiral 

at which the tangent makes half a right angle with the radius 
vector, 

prove Cr = Ci = ^ a. 

o 

18. Shew that for each of the cmres 

r=a*, r6=a, rsmn3=^ay rmnhnB^a, 
r cosh nO=a (CJotes's Spirals), 

pi 
the curvature x^ . 

19. Shew that in the curve for which 

y^acos*"^, 
the radius of curvature is m times the normal. 

20. Shew that in the curve for which 

the radius of curvature is m times the tangent. 

21. Shew that in the curve for which 

the radius of curvature varies inversely as the perpendicular 
from the origin upon the normal. 

22. Shew that in the chainette the radius of curvature varies 
as the square of its projection upon the y-axis. 



23. In the curve 



Vr2-a^ 



l2 



3=- cos 1-, 

a r 

shew that /j2=2a«, 

B being so measured that p and s vanish together. 
24. Prove that in any curve 

and shew that at every point of a circle 
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25. For any plane curve prove 

<') M-(g)}-(S)'-®'. 



(rf) 



G?% dia? cPy rfy 



rf8* ' d^' d^ 'ds^ 



E.D.C. 11 
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CHAPTER XL 

ENVELOPES. 

137. Families of Curves. 

If in the equation ^(a?, y, c) = we give any arbitrary 
numerical values to the constant c, we obtain a number 
of equations representing a certain family of curves ; 
and any member of the family may be specified by the 
particular value assigned to the constant c. The quan- 
tity c, which is constant for the same curve but different 
for diflferent curves, is called the parameter of the 
family. 

138. Envelope. Definition. 

Let all the members of the family of curves 

be drawn which correspond to a system of infinitesimally 
close values of the parameter, supposed arranged in 
order of magnitude. We shall designate as consecutive 
curves any two curves which correspond to two consecu- 
tive values of c from the list. Then the locus of the 
ultimate points of intersection of consecutive members 
of this family of curves is called the envelope of the 
fetmily. 
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139. The Envelope touches each of the Inter- 
secting Members of the Family. 

Let AyB,G represent three consecutive intersecting 




members of the family. Let P be the point of inter- 
section of A and B, and Q that of B and G, 

Now, by definition, P and Q are points on the en- 
velope. Thus the curve B and the envelope have two 
contiguous points common, and therefore have ulti- 
mately a common tangent, and therefore touch each 
other. Similarly, the envelope may be shown to touch 
any other curve of the system. 

140. The Envelope of ^V+2iA. + (7 = is 
B'^AG, 

If ^, J5, C be any functions of x, y and the equation 
of any curve be 

X being an arbitrary parameter, the envelope of all such 
curves for different values of X is 5" = -4(7. 

For the equation 

^X2 + 2^ + O = 

may be regarded as a quadratic equation to find the 
values of X for the two particular members of the family 
which pass through a given point (a;, y\ Now, if {ac, y) 
be supposed to be a point on the envelope, these mem- 
bers will in the limit be coincident. Hence for such 
values of a;, y the quadratic for X must have two equal 
roots, and the locus of such points is therefore 
B'^AG. 

11—2 
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Ex. I. Thii8theliney=fiu; + — maybe written in the form 

m^x-my+a=0, 

whence the equation of the envelope for different values of nt is plainly 

y^=4ax. 

Ex. 2. The line y=mx+ J'ahi^^ 
may be written in the form 

and the envelope is 

a:«y«=(x«-a2)(y8-6«), 

or a»/a«+y8/63=l. 

141. Envelope of ^ (x, y, c) = 0. 

The envelope of the more general family of curves 

may be considered in the same way. 

It is proved in Theory of Equations that i{ /(c) = 
be a rational algebraic equation for c the condition for a 
pair of equal roots is obtained by eliminating c between 
/(c) = and /'(c) = 0. 
Hence to find the envelope of 
<l>(a!»y>c) = 
we diflferentiate with regard to c thus forming 

^<l>(^>y,c)=o 

and then eliminate c. 

Ex. 1. Thus to find the envelope of the line 

a 
y=ex+- 

for different values of c, we have upon differentiating with regard to c 
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whence cy=a+c*a;=2a, 

and squaring, y^ . - = 4a2, 

giving y2=4aa?. 

Ex. 2. Find the envelope of 

a; 008^ ^ + y flin'^ ^ = a 
for different values of e. 

Differentiating with regard to 0, 

- X cos^d sin d+y sin^^ cos ^=0, 
cosg __ sin ^ Aycos^g+sin^g 1 



giving 



Hence the equation of the envelope is 

X — ^ - + y -=a, 

{x^+yy {x^+y^P 

or /^y =a, 

Jx^+y^ 

which may be written -^ + -5 = — . 
sr y^ a* 



EXAMPLES. 

1. Show that the envelope of the line 

a 
when ab=<^,a, constant, is 

2. Find the equation of the* curve whose tangent is of the 
form 

m being independent of ^ and y. 

3. Find the envelope of the curves 

fl^cos^ 6*sin^_c2 
x y "a 

for different values of 0, 
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4. Find the envelope of the family of trajectories 

1 X* 
y=a?tan^ — ^a , 4.,, 

6 being the arbitrary parameter. 

5. Find the envelopes of straight lines drawn at right angles 
to tangents to a given parabola and passing through the pomts 
in which those tangents cut 

(1) the axis of the parabola, 

(2) a fixed line parallel to the directrix. 

6. Find the envelope of straight lines drawn at right angles 
to normals to a given parabola and passing through the points 
in which those normals cut the axis of the parabola. 

7. A series of circles have their centres on a given straight 
line, and their radii are proportional to the disttmces of their 
corresponding centres from a given point in that Una Find the 
envelope. 

8. P is a point which moves along a given straight line. 
PM, PN are perpendiculars on the co-ordinate axes supposed 
rectangular. Find the envelope of the line MN, 

142. The envelope of 

^(a;,y,c) = (1) 

may also be obtained as follows : 

Let <^(a?,y, c + Sc) = (2) 

be the consecutive member of the family. 

This, by Taylor's Theorem, may be expressed in its 
expand^ form as 

4> {^> y> c) + Sc^ <^ (a?, y, c) + . . . = 0. 

Hence in the limit when he is infinitesimally small 
we obtain 

as the ec^uation of a curve passing through the ultimate 
point of mtersection of the curves (1) and (2). 
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If then we eliminate c between 
<^(^, y, c) = 

and 9^<A(^>y>c) = 

we obtain the locus of that point of intersection for all 
values of the parameter c. This is the Envelope. 
Polar curves of the form 

may be treated in the same manner. 

Ex. 1. Find the envelope of a circle drawn upon radii veotores of 
the circle r=2a cos ^ as diameters. 

Let (2, a be the polar co-ordinates of any point on the given circle, 

then <i=2aco8a. 

The equation of a circle on the radios vector d for diameter is 

r=<Jcos{^-a) (1), 

or r=2acosacos(<?-a) (2). 

Here a is the parameter. Differentiating with regard to a, 

- sin acos ($ - a) +cos a sin ((? - a)=0, 

Q 

whence sin((?-2a)=0 or tt=s (8). 

Sabstitating this value of a in (2), 

r=2aco88^ or r=o (1+ cos (?), 
the equation of a cardioide. 

Ex. 2. Find the envelope of a straight line drawn at right angles 
tc radii vectores of the cardioide r=a (l+cos(?) through their ex- 
tremities. 

Here we are to find the envelope of the line 

X cos a+y sin a=<i, 

where d, a are the polar co-ordinates of any point on the cardioide; 
1. e. where d= a (1 -(-cos a). 

The equation of the line is therefore 

X cos a+2( sina=a (1 + cos a). 
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or (a;-a)oo8o+y flino=o, 

a line which from its form obviously touohes the oirole 

(x-o)*+y^=a^ or r=:2acos(?, 
which is therefore its envelope. 
Ex. 8. Find the envelope of 

M=^ «. 

with the condition 

a»»+^«»= constant =c* say (2). 

Here there are two parameters with a condition connecting them, so 
that only one is independent. Imagine a and & to be both fonctions 
of some third arbitrary parameter t. Differentiating both equations 
with regard to t, 

« da y d6_ 
a^dt^h^dt"^' 
M 1 da ,^ ^dh _ 





••• 


X 


y 

= 6^i» 






X 


y 

b 

=5^ = 


a^b 
'a^+b*'' 


^ 1 


Thusa*+^=c*aj 


and 6*+^ 


=c^ 






.-. substitutmg \ 


in (2), 










{c"x) 


n 


[c*y)^= 


:C^ 



or x*+^ + y *'*"^ = 0*+*, 

which is the required envelope. 

EXAMPLES. 

1. Find the envelope of 

y = mar — 2am — am', 
i.e. of normals of the parabola 
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2. Fmd the envelope of 

cos^ sin^ ' 

i,e, of normals of the ellipse 

3. Find the envelopes of 

(a) y=mx-\-am\ 

(y) y = 711^+ aw"; 
m being the arbitrary parameter. 

4. Find the envelopes of 

(a) a? cos ^+y sin ^=a, 
(/3) a?Vcos^+yVsin^=a5 

(y) ^+_|==a, 
Vcos^ Vsm^ 

(d) a?cost^+ysin^^=a, 

(c) arcosJ^+ysint^=a, 

(f ) :p cos* +y sin* ^ =a, 

(j;) X cos*^ +y sin*^ = a ; 

^ being the arbitrary parameter in each case. 

5. Find the envelopes of 



(a) a?cosa+ysina=a\/cos2a, 
(fi) :i:cos2a+ysin2a=acos*a, 

m 

(y) a? cos wia+y sin ma = a (cos na)*; 
a being the parameter in each case. 

6. Find the envelopes of circles described on the radii vectores 
of the following curves as diameters: — 

(a) ^/a8+y2/^=l, 

08) y2=4ar, 
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(y) y2=4a(-p+a), 
(a) r=a (1+cos^), 

(f) -=14-6C0S^, 

(j;) r2=a2 cos 2^, 
(^) 7*=a*cosw^. 



7. Find the envelopes of the circles which pass through 
the pole and whose centres lie on the several curves of ques- 
tion 6. 



8. Find the envelopes of straight lines at right angles to 
the radii vectores of the following cui-ves drawn through their 
extremities : — 

(a) a straight line, 

O) a circle through the pole, 

(y) any circle, 

(d) a cardioide r = a (1 + cos ^), 

(f) a lima9on r=a+6 cos ^, 

(f ) a lemniscate r^ = a^ cos 2^, 

(17) an equiangular spiral r=^ae . 

(fi) 7* = a*COS7l^. 

9. Find the envelopes of the straight line 





M- 




fhe several conditions 




(°) 


a +6 = 


=c. 


0) 


a8 + 62 = 


=c2, 


(y) 


a»»6'» = 


.^ + n^ 
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10. Find the envelopes of the ellipse 

under the several conditions 

(a) a«+6«=c2, 
08) a*+6*=c*, 
(y) a"»6* =c^+* 

11. Find the envelopes of the parabola 



under the several conditions 

(a) a +b =c, 
O) a»+6*=c*, 

(y) (l"*6* sssc***"*"*. 

12. Find the envelope of 

under the condition 

aP+bP=cP. 

13. Show that the envelope of the family of curves 

where X is the arbitrary parameter, and A, B^CyD are functions 
of J? and y, is 

{BC- u42>)2= 4 {BD - (P) {AC- B^. 

14. If J, ^, Cbe any functions of a; and y the envelope of 

^ COS ma + ^ sin 97ia » C (cos na)« 






is (^^^^) =cos«^tan-i§. 



15. A straight line of given length slides with its extremities 
on two fixed stought lines at right an^le& Find the envelope 
of a circle drawn on the sliding line as diameter. 
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16. Show that the envelope of straight lines joining the 
extremities of a pair of conjugate diameters of an ellipse is a 
similar ellipse. 

17. The envelope of the polars with respect to the circle 

r=2acos^ 
of points which lie upon the circle r = 26 cos ^ is 
{{a-h) ^+a6}2=62 {(a?-a)«+y«}. 

18. Show that the pedal equation of the envelope of the 
line 

X cos m6 +y sin m^ = a cos nO 

is mV^ = (m^ — n^)p^ + n^a\ 

19. Two particles move along parallel lines, the one with 
uniform velocity and the other with the same initial velocity 
but with uniform acceleration. Show that the line joining them 
always touches a fixed hyperbola. 

20. Show that the radius of curvature of the envelope of 
the line 

X cos a +y sin a=f{a) 

is fiaHfia), 

and that the centre of curvature is at the point 

x= -/'(a) sin « -/"(«) cos a\ 

y = f{a) cos a -f "(a) sin a] ' 
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CHAPTER XII. 

ASSOCIATED LOCL 

143. It is intended in the present chapter to present 
a brief introduction to a study of several important loci 
which are intrinsically connected with every curve. 

PEDAL CURVES. 

144. Def. If a perpendicular OF be drawn from 
any fixed point upon the tangent to any curve the 
locus of y is called the "first rositive Pedal" of the 
original curve with regard to the given point 0. 

Two important cases occur in the Conic Sections : 

(1) In a parabola the locus of the foot of the per- 

pendicular from the focus upon a tangent is 
the tangent at the vertex. This line is there- 
fore the first positive pedal of the parabola 
with regard to the focus. 

(2) In a central conic the locus of the foot of the 

perpendicular from a focus upon a tangent is 
the auxiliary circle. This circle is therefore 
the first positive pedal of the conic with regard 
to the focus. 

146. To find the Pedal with regard to the 
Origin for Carteiian Curves. 

When the Cartesian equation of a curve is given, 
the condition of tangency of 

X cos a + Ysma = p 
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may be obtained by comparison of this line with the 
tangent at any point (a?, y). 

Let this condition when found be 

/(p.«)=o. 

Then since p, a are the polar co-ordinates of the point 
whose locus is sought we may replace them by the 
current co-ordinates r, d, and the equation of the pedal 
will be 

/(r,d) = 0. 

Ex. 1. The condition that 

« cos a + y sin a =p touches x'/a' + y^lV = 1 
is known to be j)'=a^ cos' a + 6* sin* a. 

Hence the first positive pedal with regard to the origin is 
r2 = o* cos' (? + 6» sin' ^. 

Ex. 2. Find the first positive pedal of the curve a^*» =«*•+** with 
regard to the origin. 

The equation of the tangent is plainly 

X y 
Comparing with X cos a + Y sin a =p, 

X cos a _ y sin a _ p 
m "~ n ~ m+n* 
m p n p 

** ** m+n Oosa ^ m+n smo 

Hence the condition of tangency is 

(-^- JL-Y 1^-5- -S-Y=a^, 
\m+n ooBaJ \m+nsmo/ 

and replacing p and a by r and 6, the equation of the pedal becomes 

jm+n — gwr^^ \ ^^ — oogm q gJuw 0^ 

146. To find the Pedal with regard to the 
Pole of any ourve whose Polar Equation is 
given. 
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Let F{r,e) = Q 

be the equation of the curve. 
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•(1) 




Let /, & be the polar co-ordinates of the point F, 
which is the foot of the perpendicular OY drawn from 
the pole on a tangent. Let OA be the initial line. 
Then 



= ^ + - <^ 



also 
and 
or 



tan^=r .- 



r' — r sin ^, 
2 = i 4- 1 /dry 



.(2), 
..(3), 



(Art. 96) (4). 



If r, tf, <f> be eliminated from equations 1, 2, 3, and 4, 
there will remain an equation in /, ff. The dashes 
may then be dropped and the required equation will be 
obtained. 

Ex. To find the equation of the first positive pedal of the oorve 

r**=a"*oosm^. 
Taking the logarithmic differential 



therefore 
therefore 



mdr 
-^=-»,tanm»; 

cot0= -tanm^; 
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But 


^=^' + ^-0. 


therefore 


^=^'-^'-^=m+r 


Again 


r'sr sin 0=r COS wid 




1^ 
=a oos^^m^ . cos md 




^!^ md' 
m+1 


Hence the equation of the pedal oorve is 




mm 

i*»+i=:a«»+icos-^^. 
m + 1 



147. Def. If there be a series of curves which we 
may designate as 

Ay Aiy -d.2, -a.3, ... An, ... 
such that each is the first positive pedal curve of the 
one which immediately precedes it ; then A^, A^, etc., 
are respectively called the second, third, etc, positive 
pedals of A, Also, any one of this series of curves may 
be regarded as the original curve, e,g. A^ ; then -4, is 
called the j^rs^ negative pedal o/A^, Ai the second nega- 
tive pedal, and so on. 

Ex. 1. Find the k^^ positive pedal of 
r^=a*» cos m^. 
It has been shown that the first positive pedal is 

where wh = 5 . 

^ 1+m 

Similarly the second positive pedal is 
r«»«=a'^ cos wij^, 

where '"H—\ — =^ 



l+fiii"'l + 2m' 
and generally the V?'^ positive pedal is 

»^*=a»»*coswi»^, 

where m* ==: - — , — . 

1 + Jfcwi 
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Ex. 2. Find the h^ negative pedal of the curve 

We have shown above that 9^=a^co8 md is the h^ positive pedal 
of the curve r'*=a*cosn^, provided m== 



This gives 



"1 + fcn* 
m 



'1-km' 

Hence the h?^ negative pedal of r*"=a"* cos m^ is 
r**=a*cosn^, 
m 



where n= 



1-hm' 



1. Show that the first positive pedal of a circle with regard 
to any point is a Lima^on (r=a+6cos^), which becomes a 
Cardioide {r=a (1+ cos ^)} when the point is on the circum- 
ference. 

2. Show that the first positive pedal of a central conic with 
regard to the centre is of the form f^=A+Bcos26, which 
b^mes a Bernoulli's Lenmiscate (r^=a^ cos 26) when the conic 
is a rectangular hyperbola. 

3. Show that the first positive pedal of the parabola ^^=4a^ 
with regard to the vertex is the cissoid 

4. Show that 

• 4 4 2 4 4 2 

r»=a*cos2^, r ==a cos^^, r =a'cos-^, 

4 4 2 % % 2 

r^^ar cos = ^, r=a cos x tf, 

are the first, second, third, fourth and fifth pedals of a rect- 
angidar hyperbola. 

5. Show that the 10th positive and negative pedals of the 
circle r=acos^ are respectively 

r=acosi* — , andr=asec*^. 
E. D. c. 12 
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6. Show that the first positive pedal of 

n _n^_ n n 

erpendicular on Tangent to Pedal. 

QF' be tangents at the contiguous points 
curve, and let OY, OY* be perpendiculars 
1 these tangenta Let OZbe drawn at right 
'F produced. Let the tangents at P and Q 
T, 




XT that since 

YbY'=Y^Y\ 
), F, Y\ T are concyclic, and therefore 

0iz^ir-0fY'^0^T\ 
angles YZ and OTT are similar. Therefore 
OZ _0Y' 
OY^ OT ' 

imit when Q comes into coincidence with P, 
nto coincidence with F, and the limiting 
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position of YT' is the tangent to the pedal curve. Let 
the perpendicular on the tangent at Y to the pedal 
curve be called ^,, then the above result becomes 

. p r ' 
or pjr=^p\ 

149. Circle on Radius Vector for diameter 
touches Pedal. 

This fact is clear from the figure of Art. 148, for OT 
is in the limit a radius vector and the circle on OT for 
diameter cuts the pedal in the ultimately coincident 
points Y and F', and therefore in the limit has the 
same tangent at F as the pedal curve. 

160. Pedals regarded as Envelopes. 

It is clear then that the problem of finding the first 
positive pedal of a given curve is identical with that of 
finding the envelope of circles described on radii vec- 
tores as diameters (see Art. 142). 

Again, the first negative pedal is the curve touched 
by (i.e. the envelope of) a straight line drawn through 
any point of the curve and at right angles to the radius 
vector to the point. 

Thus by Art. 142, Ex. 1, the first positive pedal of 

r=2aoos0 
with regard to the origin is the oardioide 

r=a (1+008 0), 
and by Ex. 2, the first negative pedal of 

r=a (1 + COS0) 

with regard to the origin is the circle 
r=2aoos $, 

12—2 
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Inversion. 

161. Def. Let be the pole, and suppose any 
point P be given ; then if a second point Q be taken on 
OP, or OP produced, such that Oi^.OQ = constant, k^ 
say, then Q is said to be the inverse of the point P with 
respect to a circle of radius k and centre (or shortly, 
with respect to 0). 

If the point P move in any given manner, the path 
of Q is said to he inverse to the path of P. If (r, 0) be 
the polar co-ordinates of the point P, and (r , 0) those 
of the inverse point Q, then 

rr'^lc'. 
Hence if the locus of P be 

that of Q will be 



/($■ «)-o- 



For example the curves 

f»»=a**co8md and r^ooBm0=a^ 
are inyerse to each other with regard to a circle of radius a. 

162. Tangents to Curve and Inverse inclined 
to Radius Vector at Supplementary Angles. 

If P, P' be two contiguous points on a curve, and 
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Q, Q the inverse points, then, since 

OP.OQ^OF.OQ\ 
the points P, P', Q', Q are coney clic; and since the 
angles OPT and OQ^T are therefore supplementary, it 
follows that in the limit when P' ultimately coincides 
with P and Q with Q the tangents at P and Q make 
supplementary angles with OPQ, 

1. Show that the inverse of the conic 

- = l+ccos^ 
r 

with regard to the focus is the Lima9on 

— r=l+ecos^ 

which becomes a cardioide 

[r=a(l+cos^)] 
in the case when the conic is a parabola. 

2. If the point ^, y be inverse to (4?, y), show that 

3. Show that the inverses of the lines x=<iy y=h are re- 
spectively 

Cb 

and ^+^=T-y. 

4. Show that the inverse of the conic 

is the cubic k^ {aa^ + 26;ty + c^) = 2y {a^ +y^). 

5. Find the inverses of the straight lines 

3a?+4y=5, 4^7— 3y=5 
with regard to the origin, and show that they are circles cutting 
orthogonally. 
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POLAB RECIPROCALS. 

153. Polar Reciprocal of a Cunre with regard 
to a given Circle. 

Def. If of be the perpendicular from the pole 
upon the tangent to a given curve, and if a point Z be 
taken on OY or OF produced such thai; OY. OZ is con- 
stant (= h? say), the locus of ^ is called the polar red- 
procal of the given curve with regard to a circle of 
radius k and centre at 0. 

From the definition it is obvious that this curve is the 
inverse of the first positive pedai curve, and therefore its 
equation can at once be found. 

Ex. Polar reciprocal of an ellipse with regard to itt centre. 

For the ellipae -s + Ti-=1> 

a' or 

the condition that ji=x oosa +|^ sina tonohes the oanre is 

p^sza* 008* tt + 6* Bin'o. 
Hence the polar equation of the pedal with regard to the origin is 

r»= o' cos* tf + 6> Bin* tf . 
Again, the inyerse of this onrve is 

-5 = a* cos* tf + 6* sin* ^, 

or a*a:*+ft*y*=ik*, 

which is therefore the equation of the polar reciprocal of the ellipse 
with regard to a circle with centre at the origin and radius h. 

EXAMPLES. 

Find the polar reciprocals with regard to a circle of radius k 
and centre at the origin of the curves. 

1. r=acos^. 5. r*=a*co8?i^. 

2. Any circle. 6. af^=a^^\ 

3. - = 1+6 cos ^. 7. af^+^=^a\ 

4. r=a(l+cos(9). 8. (-) + (f ) =1. 
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INVOLUTES AND EVOLUTES. 

154. Def. The locus of the centres of curvature 
of all points on a given curve is called the evolute. 

If the evolute itself be regarded as the original 
curve, a curve of which it is the evolute is called an 
involute, 

Ex. To find the evolute of the parabola 

By Ex. 2, p. 153, the co-ordinates of the centre of corvatare are 
^=2a+3a; \ 

«The arbitrary abscissa x must be eliminated between these equations. 
We have 

(2P - 2a)t = 3*j:* = - 3*a%/2, 
or squaring and dropping the bar, 

4{j:-2a)»=27aj^», 
a semicubical parabola. 

EXAMPLES. 

L Show that the locus of the centres of curvature of the 
ellipse 

is (aa7)' + (5y)*=(a2-62)«. 

2. Show that the locus of the centres of curvature of the 
catenary 

y=ccosh - , 



155. Evolute touched by the Normals. 

Let PitPi, Pz be contiguous points on a given curve, 
and let the normals at Pi, Pa and at P,, P, intersect at 
Qi, Qa respectively. Then in the limit when Pg, Ps 



Digitized by VjOOQIC 



184 htPPERMTtAL CALCULUS, 

move along the curve to ultimate coincidence with Pi 
the limiting positions of Qi, Qa are the centres of curva- 




ture corresponding to the points Pi, Pj of the curve. 
Now Qi and Qa both lie on the normal at Pj, and there- 
fore it is clear that the normal is a tangent to the locus 
of such points as Qi, Qg, i,e, each of the normals of the 
original curve is a tangent to the evolute ; and in general 
the best method of investigating the equation of the 
evolute of any proposed curve is to consider it as the 
envelope of the normals of that curve. 

Ex. 1. To find the evolute of the ellipse 

— ^ — =1 

The eqaation of the normal at the point whose eccentric angle is 
0is 

^_..*IL=„,_6. (1). 

CO8 sm0 ^ ' 

We have to find the envelope of this line for different yalnes of the 
parameter 0. 

Differentiating with regard to 0, 

sin0 ^ COS0 ^ .-. 

«*^ + *2'SE^=» (2)' 

or ?E!* + ^2^=0. 

by ax 

Hence ii?^ = «^=_l=_ (3). 

-sjhy ^ax V(ax)»+(6y)* 
Snbstitnting these values of sin and cos <f> in eqaation (1) we obtain, 
after reduction {ax)i + {by)^= (a^ - 62)1. 
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Ex.2. Shew that the envelope of y=mx-2am-aw? (i.e. the 
normal to y^^^ax) is 27ay2=4 (x - 2a)K 

156. There is but one Evolute^ but an infinite 
number of Involutes. 

Let ABGD... be the original curve on which the 
successive points A, B, G, D, ... ajce indefinitely close to 
each other. Let a, 6, c, ... be the successive points of 
intersection of normals at A, B, G, ... and therefore the 
centres of curvature of those points. Then looking at 
ABG... as the original curve, ahcd... is its evoliUe. 
And regarding abed... as the original curve, ABCD... 
is an involute. 




If we suppose any equal lengths AA\ BR, (7(7, ... 
to be taken along each normal, as shown in the figure, 
then a new curve is formed, viz. A*B!(j ...y which may 
be called a parallel to the original curve, having the 
same normals as the original curve and therefore having 
the same evolute. It is therefore clear that if any 
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curve be given it can have but one evolwte, but an 
infinite number of curves may have the same evolute, 
and therefore any curve may have an infinite number of 
involutes. The mvolutes of a given curve thus form a 
system of parallel curves. 

167. Involutes traced out by the several points 
of a string unwound Arom a curve. Length of 
Arc of Evolute. 

Since a is the centre of the circle of curvature for 
the point A (Fig., Art. 156), 

aA=aB 

= 6jB + elementary arc ah (Art. 81). 

Hence a A — bB^ arc oft. 

Similarly 6jB— c(7=arc6c, 

c(7 — dD = arced, 

etc., 

/P-.^ff = arc/5r. 

Hence by addition 

aA — ^G = arca6 + arc6c-f...-farc^ 

= arc ag. 

Hence the difference between the radii of curvature at 
two pcyints of a curve is equal to the lenath of the corre- 
sponding arc of the evolute. Also, if the evolute abc... 
be regarded as a rigid curve and a string be unwound 
from it, being kept tight, then the points of the mrnind" 
ing string describe a system of parallel curves^ each 
of which is an involute of the curve abed..., one of 
them coinciding with the original curve ABC... It is 
from this property that the names involute and evolute 
are derived. 
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EXAMPLES. 

L Show that the whole length of the evolute of the ellipse 



/a2 6«\ 



2. Show that in the parabola 
y*=4aa7 
the length of the part of the evolute intercepted within the 
parabola is 

4a(3>/3-l). 

EXAMPLES. 

1. Show that the fourth negative pedal of the cardioide 

r=a(l+cosd) 
is a parabola. 

2. Show that the fourth and fifth positive pedab of the 
curve 



r=a(8ec§tf) 



are respectively a rectangular hyperbola and a lemniscate 
[r2=a« cos 2^]. 

3. Show that the first positive pedal may be obtained by 
writing r instead oip and — instead of r in the pedal equation of 
the original curve. 

4. Show that the first positive pedal of the epicycloid 
has for its pedal equation 

5. Show that the equation of the nth pedal of the curve 
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i.e. it may be obtained from the original equation by writing 
f^j p for p, and (^) ^ for r. 

6. Show that the inverse of the hyperbola 

X y a 
with regard to the origin is 

a{a^+y^) {x-{-y)=k^xy, 

7. Show that the inverse of the ellipse 

^+^1 = 1 
with regard to the origin is 

8. Show that the equation of the inverse of a curve with 
regard to the pole may be obtained from the pedal equation 
by writing 

— f- for p and — for r, 

T* T 

i.e. if f{p, r)=0 

be the original curve 

f{% f)-° 

will be the inverse. 

9. Show that the inverse of the curve 

p^=Ar^+B, 
is J^^Ah^-^Bf^. 

10. Show that the pedal equation of the evolute of the 
curve p^f{r) will be obtwned by eliminating jo and r between 



P=f(.r), 

M 



i%)'-^ 
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11. Show that the evolute of the epi- or hyjKXjycloid 

is ^=^r2H-|(^-l) 

(i.e. a similar epi- or hypocycloid, see Q. 23, p. 113). 

12. Prove the following series of results for the "Rl^^ftTlgll^ftr 
or Logaritlunic spiral 

(1) ^=0. (Hence the name "Equiangular.") 

(2) The pedal equation is 

p=rsina. 

(3) p=rcoseca. 

(4) Let be the pole, FT the tangent at P, OF the 
indicular, OT the polar subtangent cutting the normal in C. 

We that C is the centre of curvature. 

(5) s=rseoa (s being supposed measured from the pole). 

(6) s=PT, 

(7) Prove geometrically that all the pedals, the inverse, 
x)lar reciprocal, the evolute are eqtud equiangular spirals 
hr which ^ is the same). 

(8) The equation of the first positive pedal is 



XI-") 



cot a 



J9cota 



r=a sm a 6^* ^ e 

(9) The nth pedal is 

r=asin»«e"V«^"">'"'^%««*-. 

(10) The inverse is 



n{:r-a)eota 



^ -tfoota 

a 



(11) The Polar reciprocal is 



k^ -(|-«)cot« 



-Beat a 
a Bin a 
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(12) The evolute is 

— - OOta - . 

r=acotae * e*~** . 

13. Prove the following series of results for the cardioide 

r=a (1 -cos ^). 

(1) The curve may be constructed as the locus of a point 
on the circumference of a circle of diameter a which rolls without 
sliding upon the circumference of a circle of equal radius. 

(2) Hence prove geometricallj 

Prove this also from the equation by means of the formula 

tan0=r-i- . 
^ or 

(3) If be a fixed point upon a circle of radius a and 
centre C7, and P any other point upon the circimiference, make 

the angle CpQ=CPO, Prove that PQ always touches a car- 
dioide formed by the rolling of a circle of radius ^ upon a circle 

3 

of equal radius (geometrical). 

(4) The curve may also be constructed thus: — Take a 
circle OQD of diameter a and centre E, Let a straight rod PP' 
of length 2a move in such a manner that its mid-point Q de- 
scribes the given circle whilst the rod is constrained to pass 
through a fixed point on the circumference. The points P, P' 
trace out the caraioide. The point may be called the focus. 

(5) Any "focal chord" is of constant length. 

(6) The "Instantaneous Centre" for the motion of the 
rod is at the point R of the circle in (4) diametrically opposite 
to§. 

(7) The lines RP^ RP are normals (geometrical). 

(8) Normals at the ends of a focal chord intersect at right 
angles on the circle in (4) (geometrical). 

(9) Tangents at the ends of a focal chord intersect at 
right an|;les on a concentric circle of three times the radius 
(g^metncal). 

(10) If RP cuts the chxjle in (4) again at 8 the angle 08R 
is bisected by ES (geometrical). 
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(11) Hence show (by 3) that the evolute of the cardioide 
is a cfilrdioide of one-thiia the linear dunensions and turned the 
opposite way (geometrical). 

(12) Show (by 11) that the whole length of the arc of 
the cardioide 

r=a(l — cos^) is 8a. 

(13) The cardioide is the first positive pedal of a circle 
with r^;ard to a point upon the circiunference. 

(14) The pedal equation is 

= jL 

^ (2«)*" 

(15) The curvature at any point is 

3/2\/2ar. 

(16) The wth pedal of 

r=a(l-fcos^, 

18 f* + 2= (2o)* + 2 COS . 

^ ' n+2 

(17) The Inverse of the cardioide with regard to the pole 
is a paranoia. 

14. Show that if p be the radius of curvature at any point 
p, r upon the curve /(p, r)=0 and p^ that at the corresponding 
point upon the inverse, then 



"^=^#^-7)' 



where Ifi is the constant of inversion. 

15. With the same notation the radius of ciurvatnre at the 
corresponding point of the polar reciprocal is 

J^ 

where l^ is the constant of reciprocation. 

16. With the same notation if p^ be the radius of curvature 
at the corresponding point of the nth pedal, prove that 

y*-^^l 11 1 pp 

^*j:?»-i 2-2-2-. ..-2-r« 
(where there are »i+l quotients) 

_ ^^~( ^~1)/>P 
"^ (n + l)r2-?ipp* 
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CHAPTER XHL 

BfAXIMA AND MINIMA. ONE INDEPENDENT VARIABLE. 

168. Elementary Algebraical and Geome- 
trical methods. 

Examples frequently occur in Algebra and Geometry 
in which it is required to find whether any limitations 
exist to the admissible values of certain proposed 
functions for real values of the variable upon which 
they depend. These investigations can often be con- 
ducted in an elementary manner. A few examples 
follow in illustration. 

Ex. 1. The function oo; + - may be written in the fonn 

X 

(n/«^- A/i) +2>/^, 

from which it is obvious that the expression can never be less than 

2 Jab^ the value it attains when Jax^ /v/~» o'* ^ = a/~ • ^^^ 
the square of a real quantity is essentially positive and therefore any 
value of z other than x= a /- will give to the expression a greater 

value than 2 tjah, 

Ex. 2. Investigate whether any limitation exists to the real values 
of the expression 24.4^.4.3 ^^^ ^^^ values of x. 



Let 



3x2-4a; + 3 



3ar» + 4a; + 3 *' 
Then 3{l-y)a?2-4(l+y)x + 3(l-j^)=0. 
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If x be real, we must have 

4(l+y)2-9(l-y)2>0, 
t.«. (6y - 1) (6 - y) mu8t be positiye. 

Hence y must lie between the yalnes 5 and ? . 

Therefore the maximum value of the expression is 5 and the 

minimum value is ^ . 
6 

Ex. 3. If the sum of two quantities be given, when is their pro- 
duct a maximum? 

Let X + ^ = a, a constant, 

then 4ajy=(a?+y)2-(a?-y)*=a* -(a?-y)2. 

The right-hand side has its maximum value when {x - yY has its 
minimum, i.e, when x=y\ for being a square it cannot be negative. 

Thus the maximum value of xy'is-j. 

This may be shown geometrically as follows : — the problem is to 
divide a given line AB in such manner that the rectangle of the 
segments is as great as possible. Let C be the centre and P any other 
point of the line. Then by Euc. ii. 5, 

rect. AP, PB + sq. on CP=Bq. on ^C=reot.^C. CB, 

i, e, the rect. ^iP . PB is less than the reel AC, CB, 

Hence the point of division is the mid-point, or the line must be 
bisected. 

Ex. 4. Ji x + y + Z + W he constant, when will xyzw have its 
maximum value? 

So long as any two, say x and y, are unequal we can without 
altering z and w (and thus keeping x+y constant) increase xyt and 
therefore also xyzw by making x and y more nearly equal (by Ex. 8). 
Hence xyzw does not attain its maximum value until 

x = y = z=w. 

The same argument obviously applies to the product of any number 
of quantities whose sum is constant 

If we are searching for the maximum value of such an expression 
as xyV, say, with condition a? + y + «=a, we proceed thus 

f/ V z z z 

a:yV=2'3'. X. I • 5 • 5 • a • 5" *°^ is to be a maximum, 
d d o o o 

, y y z z z 

where ^+| + | + _ + . + -.-=«; 

B.D. a 13 
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and by the preceding work we are to make 
X ^y ^z _a 
I"'2"'3"6' 

whence the maximum Talue is — 55 — = -^ ^, . 

Ex. 5. In any triangle the maximum value of 

COB A COB B cos C is ^ • 

o 

For 2 cos ^ cos Boos (7= cos ^ {co8(B-C)-cos-4}, 

and therefore as long as B and C are unequal we may increase the 
expression bv making them more nearly equal and keeping their sum 
constant. Thus cos A cos B cos C does not attain its maximum value 

until A =3— C= - , and then its value is - . 

Ex. 6. What are the greatest and least values of a sin x + 6 cos x ? 
Let a=:coosa and &=csina, 

sothat c'=a* + 62 and tana = -. 

a 

Thus a sin a; + & cos x=c sin x cos a + c cos x sin a 
= x/a* + &'sin(x + a), 
and as the greatest and least values of a sin e are 1 and - 1, the 
maximum and minimum values required are Ja'-^ + b* and -^a* + b'^ 
respectively. 

Ex. 7. If il, B, C... be a number of points and P any other 
point, and if G be tiie centroid of masses X at ^, ft at B, etc., then it 
is a known proposition that 

or SXP^2= I.\GA^+ (SX) PG». 

Hence since X\OA* is a fixed quantity for all positions of P, XkPA^ 
has its minimum value when P is at G. 

EXAMPLES. 

1. Show that the minimum value of 

a^-4r+9 is 5. 

2. Show that the expression ^+- cannot have any value 
intermediate between 2 and - 2. 
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3. Show that -5 has 3 for its maximum value, and 

or — x+1 

- for its minimum. 

4. Show that the value of -5 — ^ — =- is intermediate be- 
tween 

^±? and ^-^ 

5. Show that ^ . ^, — ■ — is unlimited in value if 

a+c<26. 

6. Show that the shortest distance from a given point to a 
given straight line is the perpendicular distance. 

7. Show that the greatest triangle inscribed in a given circle 
is equilateral. 

8. Deduce from 7 by projection that a maximum triangle 
inscribed in an ellipse 

(a) is such that the tangent at each angular point is 
parallel to the opposite side, 

(6) has its centroid at the centre of the ellipse, 

(c) that its area= — . 06, where a and h are the semi- 



9. Show that the triangle of greatest area with given base 
and vertical angle is isosceles. 

10. Show that if ABC be a triangle, and P any point 

PA^-^-PB^+PC^ 
will be a minimum when P is at the centroid. 

11. Show that 

PA^iAnA+PB^ioxi 5+PC«tan C 
has its minimum value when P is at the orthocentre. 

12. Show that 

PA^smA^-PB^HmB-^-PC^sinC 
has its minimum value when P is at the incentre. 

13—2 
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13. If ABCD be a quadrilateral, and P anj point, 

has its minimum value when P is at the intersection of the 
joins of mid-points of opposite sides. 

14. Find the maximum rectangle inscribable in a given 
ellipse, i,e, find the maximum value of xy^ having given 

15. Find the maximum value of xyz^ having given 

16. Find the maximiun value of xyz^ having given 

17. Find the maximum value of xy\ having given 

18. Find the maximum value of x^y^^ having given 

x-\ry=a, 

19. If ^+(^= constant, the maximum value of sin B sin^ is 
attained when ^=(^. 

20. Find the maximum value of 

sin^sin^sinC 
for a triangle. 

21. Find the maximum and minimum values of 

a sin* J7+ 6 cos' or. 

22. Show that the greatest chord through a point of inter- 
section of two given circles is that which is parallel to the Hne of 
centres. 

23. Find the greatest triangle of given species whose sides 
pass through three fixed points. 

24. Find the greatest rectangle whose sides pass through the 
angular points of a given rectangle. 

25. Find the two perpendicular focal chords of a given conic 
whose sum is a maximum. 
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THE GENERAL PROBLEM. 

169. Suppose ar to be any independent variable 
capable of assuming any real valice whatever, and let 
<!> {x) be any given function of x. Let the curve 
^ =i>(x) be represented in the adjoining figure, and 
iet A, B, C, 1), ... be those points on the curve at 
which the tangent is parallel to one of the co-ordinate 
axes. 



i 




Suppose an ordinate to travel from left to right 
along the a^ of x. Then it will be seen that as the 
ordinate passes such points as A, C, or E it ceases to 
increase and begins to decrease; whilst when it passes 
through B, D, or F it ceases to decrease and begins to 
increase. At each of the former sets of points the 
ordinate is said to have a maTlmiiin value, whilst at 
the latter it is said to have a mlnlmnin value. 

160. Points of Infleidon. 

On inspection of the accompanying figure it will be at 
once obvious that at such points of inflexion aa or H, 
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where the tangent is parallel to one of the co-ordinate 
axes, there is neither a maximum nor a minimum or- 




dinate. Near (?, for instance, the ordinate increases up 
to a certain value NO, and then as it passes through 
it continues to increase without any prior sensible. 
decrease. 

This point may however be considered as a com- 
bination of two such points as A and B in the figure of 




Alt. 159, the ordinate increasing up to a certain value 
JV^jGj, then decreasing through an indefinitely small and 
negligible interval to iVa^a, and then increasing again 
as shown in the magnified figure, the points (ji, G^ being 
ultimately coincident. 

161. We are thus led to the following definition : — 

Dep. If, while the independent variable x increases 
continuously, a function dependent upon it, say ^ (as), 
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^ increase through any finite interval however small v/ntU 
x = a and then decrease, if) (a) is said to be a maximum 
value of <!> {x). And if ^ (x) decrease to <f> (a) and then 
increa^ey both decrease a/nd increa^se being through a 
finite interval, then <^ (a) is said to be a MINIMUM value 
of4>ix). 

162. Criteria for the discrimination of Maxima 
and Minima Values. 

The criteria maybe deduced at once from the aspect 

of -p as a rate-meas^urer. For -^ is positive or negative 

according as ,7 is an increasing or a decreasing function. 
Now, if y have a maodmum value it is ceasmg to in- 
crease and beginning to decrease, and therefore -p 

must be changing from positive to negative; and if y 
have a minimum value it is ceasing to decrease and 

beginning to increase, and therefore -^ must be changing 

from negative to positive. Moreover, since a change 
from positive to negative, or vice versa, can only occur 
by passing through one of the values zero or infinity, 
vfe must search for the maximum and minimum values 
among those corresponding to the values of x given by 
if)' (x) = or by 0'(a?) = 00 . 

163. Further, since -p must be increasing when it 
changes from negative to positive, -t4 if not zero must 

then be positive ; and similarly, when -p changes from 

positive to negative -r^ must be negative, so we arrive 

at another form of the criterion for maxima and minima 
values, viz. that there will be a maximum or minimum 
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accordiner as the value of x which makes -^ zero or ' 
infinite, gives ^ a negative or a positive sign. 

164. Properties of MaadmaandBUnlma Values. 
Criteria obtained Geometrically. 

The following statements will be obvious from the 
figures of Arts. 169, 160. 

(a) According to the definition given in Art. 161, 
the term maximum value does not mean the absolutely 
greatest nor minimum the absolutely least value of the 
function discussed. Moreover there may be several 
rruuvima values and several minima values of the same 
function, some greater and some less than others, as 
in the case of the ordinates at A, B, C, ... (Fig., 
Art. 159). 

(/8) Between two equal values of a function at 
least one maadmum or one minimum must lie; for 
whether the function be increasing or decreasing as 
it passes the value [M^Px in Fig., Art. 159] it must, if 
continuous, respectively decrease or increase again at 
least once before it attains its original value, and there- 
fore must pass through at least one maximum or mini- 
mum value in the interval. 

(7) For a similar reason it is clear that between 
two maxima at least one minimum must lie ; and be- 
tween two minima at least one maximum must lie. In 
other words, maxima and minima values must occur 
alternately. Thus we have a maximum at A, a 
minimum at B, a maximum at (7, etc. 

(S) In the immediate neighbourhood of a maximum 
or minimum ordinate two contiguous ordinates are equal, 
one on each side of the maximum or minimum ordi- 
nate ; and these may be considered as ultimately co- 
incident with the maximum or minimum ordmate. 
Moreover as the ordinate is ceasing to increase and 
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beginning to decrease, or vice versa, its rate of variation 
is itself in general an infinitesimal. This is expressed 
by sayinff that at a maximum or minimum the function 
discussed has a stationary value. This principle is of 
much use in the geometrical treatment of maxima and 
minima problems. 

(e) At all points, such as A, B, C, D, E, ..., at 
^hich maxima or minima ordinates occur the tangent 
18 parallel to one or other of the co-ordinate axes. At 

points like A, B, C, D the value of -^ vanishes, whilst 

at the cuspidal points E, F, -^ becomes infinite. The 

positions of maxima and minima ordinates are therefore 
given by the roots of the equations 

f (^)=o ) 

(f ) That -^ = 0, or -p = 00 , are not in themselves 

sufficient conditions for the existence of a maximum or 
minimum value is clear from observing the points 0, H 
of the figure of Art. 160, at which the tangent is parallel 
to one of the co-ordinate axes, but at which the ordinate 




has not a maximum or minimum value. But in passing 

a wxtximwrn value of the ordinate the sign of ~ , that 

is the sign of the tangent of the angle which the 
tangent makes with the a;-axis, changes from positive to 
negative; while in passing a minimum value the change 
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of sign is in the reverse order, namely, from negative to 
positive. 




166. Working Rule. 

We can therefore make the following rule for the 
detection and discrimination of maxima and minima 

values. First find -^ and by equating it to zero find 

for what values of x it vanishes; also observe if any 
values of x will make it become infinite. Then test for 

each of these values whether the sign of -^ changes 

from + <o — or from — to + as a? increases through that 

value. If the former be the case y has a maadmum 

value for that value of ^ ; but if the latter, a minimum. 

If no change of sign take place the point is a point of 

infleidon at which the tangent is parallel to one of 

the co-ordinate axes ; or^ in some cases it may be more 

convenient to discriminate by applying the test of 

dhi 
Art. 163. Find the sign of -^ corresponding to the 

value of X under discussion. A positive sign indicates a 
minimum value for y; a negative sign, a maximum. 

When -jK = this test fails and there is need of further 

investigation*. 

* See Art. 488 of the author^s larger book on the subject. 



Digitized by VjOOQIC 



EXAMPLES. 203 

EXAMFTiES. 

1. Find the maximum and minimum values of y where 

Here ^ = (x-2)a + 2(x-l)(x-2) 

= (x-2)(3x-4). 

Putting this expression =0 we obtain for the values of x which 
give possible maxima or minima values 

4 
x=a2 and x=-, 

9 

To test these : we have 

if X be a little less than 2, ^= ( ~ ) (+ ) ^negative, 

du 
if X be a little greater than 2, ~ = (+)(+)=po8itive. 

Henoe there is a change of sign, viz., &om negative to positive as x 
passes through the value 2, and therefore x=2 gives y a minimum 
value. 

Again, if x be a little less than - , ^ = ( ~ )( - ) = positive, 

and if X be a little greater than ^ , ^ = ( - )( + )=negative, 

showing that there is a change of sign in ^ , viz. from positive to 

4 ox 

negative, and therefore x=^ gives a maximum value for y. This we 

might have anticipated from Art. 164, (7). 
Otherwise : ^= (x - 2) (3x - 4), 

so that when ^ is put = we obtain x = 2 or jr . 
dx '^ 8 

And ^=6x-10, 

dx* 

so that, when x=2, -^ =2, 

ax* 

a positive quantity, showing that, when x=2,y assumes a minimum 

value, whilst, when ^ = « » t4 = - 2, 

o ax* 

which is negative, showing that, for this value of x, y assumes a 
maximum value. 
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2. If ^^ix-af^{x-h)^^\ 

where n and p are positive integers, show that ^=a gives neither 
maximum nor minimum values of y, but that x^b gives a mini- 
mum. 

It will he clear from this example that neither maxima, nor 

minima values can arise from the vanishing of siuih factors of J' 

as have even indices. 

3. Show that r?^— has a maximum value when ^=4 

07-10 

and a minimum when or =16. 

4. If ^=a;(o;-l)2(a;-3)3, 

show that x=0 gives a maximum value to y 

and or= 3 gives a minimum. 

5. Find the maximum and minimum values of 

ar3-15a;«+3ar+6. 

6. Show that the expression 

(or -2) (or -3)2 
7 
has a maximum value when x^-^ and a minimum value when 

a?=3. 

7. Show that the expression 

a;3-3d^+6j:+3 
has neither a maximmn nor a minimum value. 

8. Investigate the maximum and minimum values of the 
expression 

3a;*-25a;3+60jt?. 

9. For a certain curve 

g=(x-l)(x-2)«(:r-3)»(x-4)«; 

discuss the character of the curve at the points 
^=1, .r=2, .r=3, .r=4. 



Digitized by VjOOQIC 



EXAMPLES. 



205 



10. Find the positions of the maximum and minimum ordi- 
nates of the curve for which 

^= (or- 2)3 (2ar - 3)*(3a? - 4)« (4a?- 5)« 

11. To show that a triangle of maximum area inscribed in any 
oval curve is such that the tangent at each angular point is parallel 
to the opposite side, 

U PQR be a maximum triangle inscribed in the oval, its vertex P 
lies between the vertices I«, M at two equal triangles LQR, MQR 

L 




inscribed in the oval. Now, the chord LM is parallel to QR and the 
tangent at P is the limiting position of the chord LM, which proves 
the proposition. 

It follows that, if the oval be an ellipse, the medians of the 1a*i- 
angle are diameters of the curve, and therefore the centre of gravity 
of the triangle is at the centre of the ellipse. 

12. Show that the sides of a triangle of minimum area drcum- 
serHnng any oval curve are bisected at the points of contact; and 
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hence that, if the oval he an elltpse, the centre of gravity of such 
a triangle coincides vnth the centre of the dlipse. 

Let ABC be a triangle of minimum area circumscribing the oval. 
Suppose P the point of contact of BC, Let AB^C^, AB^C^ be two 
equal circnmscnbing triangles such that B^C^, BjCn touch the oval at 
Pj , P, on opposite sides of P and intersect m T. Tnen 

triangle TBiB2= triangle TCjCg 
or - TBi . TBj sin BiTB^=z^ TC^ . TC^ sin C^TC^ . 

If we bring P^ and Pg nearer and nearer to P so as to entrap the 
minimum triangle, the above equation ultimately becomes 

TB^=TC^; 

and T being ultimately the point of contact P, the side BC is bisected 
at its point of contact. The remainder of the question follows as 
in Ex. 11. 



EXAMPLES. 

1. Find the position of the maximum and minimum ordi- 
nates of the curves 

(a) y:=(^-l)(:r-2)(^-3), 
(6) 4y=^-8.r3+22:zr2_24r, 
(c) a^=(x-o)2(a;-6), 
(<f) ay=(a7-a)*(A'-6). 

2. Find the maxima and minima radii vectores of the 
curves 

(a) r=asin^+6 cos^, 

(6) r = a sin* $ + b cos* B, 
^ ^ r* sm*^ cos*^' 



(/) r=asin3^cos*^. 



w ^+f.=i> 
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3. Discuss the maxima and minima values of the following 
expressions : 

(a) x{\'-x){\'a^\ 

(b) (^-l)/(a;2+3)8, 

(c) sin X cos' X, 

(d) \ogx/Xj 

(e) sin*^sin7W7. 

4. Discuss the maxima and minima values of the following 
expressions : 

(a) :r*+y* where eM72+2Air^+&y*=l, 

(6) ax-^-hy where xy^<?^ 

(c) sin^+sin(^ where ^+<^=a, 

(cO sin*^+sin2<^ where ^+<^=a. 

5. What fraction exceeds its ^th power by the greatest 
number possible ] 

6. Divide a given number a into two parts such that the 
product of the |?th power of one and the jih power of the other 
shall be as great as possible. 

7. Given th^ length of an arc of a circle, find the radius 
when the corresponding segment has a maximum or minimum 
area. 

8b In a submarine telegraph cable the speed of signalling 

varies as o;^ log - where x is the ratio of the radius of the core to 

X 

that of the covering. Show that the greatest speed is attained 
when this ratio is 1 : V«. 

9. An open tank is to be constructed with a square base 
and vertical sides so as to contain a ^ven quantity of water. 
Show that the expense of lining it with lead will be least if 
the depth is made half of the width. 

10. From a fixed point A on the circumference of a circle 
of radius c the perpendicular A Y is let fall on the tangent at P ; 
prove that the maximum area of the triangle APYS» 
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11. The 8um pf the perimeters of a. circle and a square is I. 
Show that when the sum of the areas is least the side of the 
square is double the radius of the circle. 

12. The sum of the surfaces of a sphere and a cube is given. 
Show that when the sum of the volumes is least, the diameter of 
the sphere is equal to the edge of the cube. 

13. Show that the cone of greatest volume which can be ^ 
inscribed in a given sphere is such that three times its altitude 

is twice the diameter of the s{)here. Show also that this is the 
cone of greatest convex surface inscribable in the sphere. 

14. Find the cylinder of greatest volume which can be in- 
scribed in a given cone. 

15. Show that the right circular cylinder of given surface 
and maximum volume is such that its height is equal to the 
diameter of its base. 

16. Show that the semivertical angle of the right cone of 

given surface and maximum volume is sin"^ 5 . 

<j 

17. Show that a triangle of maximum perimeter inscribed 
in any oval curve is such that the tangent at any angular point 
makes equcd aneles with the sides '^ich meet at that point. 
Show also that if the oval be an ellipse, the sides of the triangle 
will touch a confocal. 

18. If a triangle of minimum perimeter circumscribe an 
oval show that the points of contact of the sides are also the 
points where they are touched by the e-circles of the triangle. 

19. Show that the chord of a given ciure which passes 
through a given point and cuts off a maximum or minimum area 
is bisected at the point 

20. Find the area of the greatest triangle which can be 
inscribed in a given parabolic segment having for its base the 
bounding chord of the segment. 

21. In any oval curve the maximum or minimum chord 
which is normal at one end is either a radius of curvature at 
that end or normal at both ends. 

22. Show that if a triangle of minimum area be circum- 
scribed about an ellipse the normals at the points of contact 
meet in a point, and find the equation of its locus. 
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23. Find the co-ordinates of the limiting position, when 
a'=a, 6' = 6 of the intersection of the straight lines 

where a* + 6* = a'»* + 6'* = 2c**. 

Find the co-ordinates of the point on the locus of the limiting 
position of the intersection, which is at a maximum distance 

from the origin, and prove that the maximiun distance is — . 

[i. c. s., 1892.] 



K, D. 0. 14 
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CHAPTER XIV. 

UNDETERMINED FORMS. 

166. Elementary methods of procedure have been 
explained in the first chapter. 

We propose now to show how the processes of the 
Differential Calculus may be employed in the deter- 
mination of the true values of functions assuming 
singular forms, and shall discuss each singularity in 
order (see Art. 16). 



167. I. Form 




0' 



Consider a curve passing through the origin and 
defined by the equations 

Let x, y be the co-ordinates of a point P on the 




k 
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curve very near the origin, and suppose a to be the 
value of t corresponding to the origin, so that 

<^(a) = and '</r(a)=0. 
Then ultimately we have 

and if ,,/!< he not of the form ^ when t takes its assigned 
value a, we therefore obtain 

i(o_f(«) 

But, if ,t\L be also of undetermined form, we may 
repeat the process ; thus 

proceeding in this manner until we arrive at a fraction 
such that when the value a is substituted for t its 
numerator and denominator do not hoik vanish, and 
thus obtaining an intelligible result — zero, finite, or 
infinite. 

Ex.1. Lt^^^ ^3 . 

Here ^(^) = l-oos^ and ^(^)=^, which both vanish when 
vanishes. 

^'(^)=sm^ and ^(^)=2^, 

which again both vanish when 6 vanishes. 

^"{^)=oos^ and ^'{^)=2, 
whence 0"(O) = 1 and ^'(0)=2. 

1-oos^ 1 



Therefore xw^^o — ^,— ^:^. 



U— 2 

Digitized by VjOOQIC 



212 DIFFERENTIAL CALCULUS. 

„ „ ^ «»+«-»+2oo8»-4 r, (Tl 

Ex.2. Le,^o Si L oJ 

[formj] 






««_<j-«+2Bin^ r. 0"] 

gtf+g-^+2coflg _ 4 1 
--^«tf=o 24 ""24"" 6* 



EXAMPLES. 

Find by the above method the following limits : 

a*-l a T* ^-sin^oos^r 

1. ^^x^og^m- ^- ^^'-o — ^i — • 

^ ^ sinew? 7 f. ^-2:g^-4A-^+9a?-4 

^ ^*-«8in"6a7* ^- '-^ ^-2^+2^-1 

^ ^ 4;6«-log(l+a7) jj ^. e» sin 07-0? --;g^ 

3. X/^x-o ^ • *^- ^^«'0 ^ • 

^ ^ a7COS^-log(l+A') Q ^. 3t ana?-3ar-^ 

4. Z«x-o ^ • ^' ^«-o ;^6 • 



cosh^-ooso ? -^ ^ 



sine j?+t)-1 



(-^i)-^ 

^*-» orsina? ' ^^' ^^ic-^ logsinap ' 

168. II. Form x oo . 

Let <^(a) = and '^(a) = oo, so that <^(f)'^(a;) 
takes the form x oo when a? approaches and ultimately 
coincides with the value a. 

Then U^^a^{x)^{x)^U^^a^^. 



^(x) 



and since rZTx =" :3r ~ ^> 
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the limit may be supposed to take the form j: and may 
be treated like Form I. 

B 1 

Ex. 1. LU_f.eQoi 0=Ltg^Q- — - =Ltfl_o — 5^=1. 

.a . o- 

sin - sin - 

a X X 

Ex. 2. I»t,=.«a;Bin- = L«,=«— ^=Lt«^^a— =a. 



169. III. Form — . 

00 

Let 6 (a) = 00 , ^^ (a) = 00 , so that ,4-4 takes the 

form — when a? approaches indefinitely near the 

value a. 

The artifice adopted in this case is to write 

1 

<f>(x) 

Then since , . v = — = 0, and . . ^ = — = 0, we may 
-i/r^a) 00 ^(a) X -^ 

consider this as taking the form ^ , and therefore we 

may apply the rule of Art. 167. 
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Therefore Lt._M\=\ Lt.-aVt^^ Lt..a%P, . 

4> (x) 
Hence, mileas Ltx-a -rV\ &* i^'<^ or infinite, we have 
YW 

or 7« 'l*(''^-rt ^'<'") 

or x«^_„_^^_/,<^_„^__. 

170. If, however, I»^,„. ^-7-T ^ zero, then 

and therefore, by the former case (the limit being neither zero nor 
infinite), 

_ 4>'(x) + f{x) 

-"•=• f(x) • 

Henoe, subtracting unity from each side, 

Finally, in the case in which 

r-e.= *gj-=oo, then7.t_^;3 = 0, 
and therefore by the last case 

therefore TA^^.^^, ^Lt^^.W. . 

'f(x) f(x) 

This result is therefore proved true in all cases. 

171. V ^^y function become infinite for any finite value of the 
independent variable, then all its differential coefficients will also 
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become infinite for the same value. An algebraical function only 
becomes infinite by the vanishing of some factor in the denominator. 
Now, the process of differentiating never removes such a factor, but 
raises it to a higher power in the denominator. Hence all differential 
coefficients of the given fanction will contain that vanishing factor 
in the denominator, and will therefore become infinite when such a 
value is given to the independent variable as will make that factor 
vanish. 

It is obvious too that the circular functions which admit of infinite 
values, viz., tanx, cotx, secx, cosecx, are really fractional forms, 
and become infinite by the vanishing of a sine or cosine in the deno- 
minator, and therefore these follow the same rule as the above. 

The rule is also true for the logarithmic function log (x - a) when 

a? = a, or for the exponential function 6*-» when x=a^ h being sup- 
posed greater than unity. 

172. From the above remarks it will appear that if 0(a) and 
^ (a) become infinite so also in general will 0'(a) and ^'(a). Hence 

at first sight it would appear that the formula Xt,,. ^rrr ^ ^^ 

better than the original form Lt.=,« %-t\ • But it generally nappens 

that the limit of the expression 777-f » ^^^^'^ ^=^> ca*^ ^ ^oj^e easily 
evainated. 



log^j) 
^<>-; tontf ^ irAtcAwo/i 



Ex. 1. Find Lt^ » /> ^"^ which is of the form — . 
^=2 tantf -^ -^ 00 

Following the rule of differentiating numerator for new numerator, 
and denominator for new denominator, we may write the above limit 



'-i 



=^'»=fS5»7 



which is still of the form — But it can be written 

00 

=Lt^ » MM— ( which is of the form ^r ) 

2 

_^ -2<ioa$mn$ ^ 
-Lt^^Z i =0. 
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Ex. 2. Evaluate Lt,^^ ~^- , which is of the form — . 

c CO 

Tt ^""-Tt *^*"*- 

It is obvious that the same resalt is true when n is fraotionalt 

, Ex. 8. Evaluate Ltg=oX^ (logx)*, m and n being positive. 
This is of the form x oo , but may be written 

Lt, 



I expression 



and by putting x^=e~^ this expression is reduced to 

i--yV 

Lty^^ 1—^ I =0 as m Ex. 2. 



173. Form x - x . 

Next, suppose ^ (a) = oo and yft(a)^ qo , so that 
<f>(x)'-y^ (x) takes the form oo -- oo , when x approaches 
and ultimately coincides with the value a. 

Let « = ^(^)_^(^) = V'(^)|ig-l|. 

From this method of writing the expression it is obvious 

that unless Ltr.^a » \ \ = 1 the limit of u becomes 
ylt{x) 

y^ (a) X (a quantity which does not vanish); 

and therefore the limit sought is oo . 

But if Ltx^a ^rt\ ~ ^' ^^^ problem is reduced to 

the evaluation of an expression which takes the form 
X X 0, a form which has already been already discussed 

(II.). 
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Ex. I/t,„o ( - - cot X j = Lf,=o - (1 - a: cot x) 

= L«,=o : ( which IS of the form - ) 

xsina; \ 0/ 

_ X sin or /which is of the sameX 

. "^ ' *"°Bina; + arco8x V form still / 

^^ sinx+xcosx __^ 





* 2 cos or- X sin a: 




EXAMPLES. 


1. Find 


Z«,^.2*sin~-. 


2. Find 


Lt^^iBec^Aoga:, 


3. Find 


Lt^^QCoaec^o!--^ 


for the values 


71 = 1, 2, 3. 


1 Find 


J^^»»ologt«»tan2^. 



174. V. PormsO*, x^l^ 

Let y = u^, u and v being functions of x ; then 

hgey^vlogeu. 

Now log<,l = 0, log^oo = 00 , log^O = — X ; and therefore 
when the expression u^ takes one of the forms 0^ oo •, 
1*» log y takes the undetermined form x oo . The 
rule is therefore to take the logarithm and proceed as in 
Art. 168. 

Ex. 1. Find Lt^^sx^y which takes the undetermined form 0^, 

1 

Lt.^olog.x'=Lt,^o^^=Lt,^J^=Lt,^o(-a;)^0, 

X "? 

whence Ltg^ox^ =e9=l. 
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Ex. 2. Find Lt w (sinx)*"*. This takes the farm 1*. 

Lt ,r(sinx)*"«=L« ir«*"*'°«"*", 
* 2 2 

, _^ logBina: _^ cota; 

^ a;=2 cotx «=2 -cosec^ar 

= Lt __ir(-8ina:co8x)=0, 

g[uired limit = e* = 1. 

ierent arrangement of the work is exemplified here. 

B following example is worthy of notice, 

<f>(a) = 0, '^/r(a) = x, 
mte the above in the form 

rly e*^ by Art. 14, Chap. I. 

e observed that many examples take this 
)r example, as 

2_ 



^m 



Exs. 21 to 26 on p. 12. 

of doubtflil value at a Multiple Point. 

e of j^ takes the undetermined form - at 
ax 

aint. 
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The rule of Art. 167 may be applied to find the 
true limiting values of -~ for such cases, but it is 
generally better to proceed otherwise. 

If the multiple point be at the origin, the equations 
of the tangents at that point can be at once written 

down by inspection and the required values of -^ thus 
found. ^ 

If the multiple point be not at the origin, the 
equation of the curve should be transformed to parallel 
axes through the multiple point and the problem is 
then solved as before. 



Ex. Consider the value of ~ at the origin for the curve 

X* + axhf + hxy^ + y*=0. 

The tangents at the origin are obviously 

a:=0, y=0, aa: + 6y=0, 

making with the axis of x angles whose tangents are respectively 

a 
CO. 0. -J. 

which are therefore the required values of -^ . 

EXAMPLES. 

Investigate the following limiting forms : — 

1 Lt ^Qg(^~^) ^ Lt - ^+^^^^ 

'^^^ logcos^r * ' *~* tan^frr 
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cot $ tan~^ (w tan ^) - w cos* ^ 



7. 


sm2- 






8. 


JU«.o(cos^r*^* 




1 
9. Z^,=i(l-^)»<«t^-*>. 


10. 


i^x.oaog^y**^'-^>. 






11. 




2+. 


— according as n is >, =, or 



^A 1^. J r. sinh*^ 

12. Find X^«-o ::5 • 

* •a:* cos X 

V6rs ""*•!? 

13. Find Lt^^ 



14. Find A 



x-O 






16. Find Z«...y+2^^. 

16. If ^^_^ sinSto+aBinx 

be finite, find the value of a and the limit 

-_ ,« , sinh3^+aj8inh2a7+a2sinh^ 

17. If X/^x-o ^6 

have a finite limit, find it and determine the necessary values 
of o^ and a^ 

,o T* J. oos4^+aiCOs2a?+a2 

18. If Lt^^^ -^ 

have a finite limit, find it and determine the necessary values 
of a^ and Oj. 



19. 



,. J sinar+ai6»^+aag-«+a3logl+x 
" -^«-o ^ 

have a finite limit, find it and determine the values of a^, o^, 
a,. 
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20. Show that 

- ex 

^^x-o ^ 24 ' 

21. Find ^<>-o§' 

where y=d/sm^ and B^^y&^-^x, 

22. Knd Lt^^^i^J, 

^« -r,. , ^ /^ sinhd?— ^yX*' 

23. Find i^x=o(6 — ^ j . 



1^ 

24. Find (a) Z^a:-o (cosba;)«', 

, , ^, f24 cosh ^- 24 - \^\^ 
W ^«x=o{ ^4 1 • 
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CHAPTER XV. 

LIMITATIONS OF TAYLOR'S THEOREM. 



CONTINUITY. 

177. Suppose that portion of the curve y=<\>x which 
lies between two given ordinates 

AL{x = a) and BM{x=b) 

to be drawn. Then if we find that as x increases 
through some value, as ON, the ordinate ^ suddenly 
changes from NP to NQ (say) without going through 
the intermediate values, the function is said to be dis- 
continuous for the value x = ON of the independent 
variable. 




N 



Thus for 
two values 

necessary that its Cartesian graph y^<\)x shall be able 
to be described by the motion of a particle travelling 



a function j>x to be continuous between 
a and h of the independent variable, it is 
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223 



along it from the point (a, ^) to the point (6, ^) 
without moving off the curve. 

178. In the same way, if at a point P on a curve, 
if the tangent suddenly changes its inclination to the 
axis of X without going through the intermediate 
positions there, as shown in the accompanving figure, 
there is said to be a discontinuity in the value of ^'a?. 




179. If the curve y = <f>x cut the x-axis at two 
points A (x = a, y = 0) and B{x=^b, y = 0), it is obvious 
that provided that the curve y=<j)X and the inclination 
of its tangent be finite and continuous between A and 
B, the tangent to the curve must be parallel to the 
^-axis at some intermediate point P between A and B. 
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It is also evident from a figure that the tangent 
may be parallel to the x-oxia at more than one inter- 
mediate point. 




180. We thus arrive at the following important 
result : 

If any function of x, say <f>Xy vanish when x = a and 
also when x = b, and is finite and continuous, as also its 
first differential coefficient <f>x between those values, then 
<l>x must vanish for at least one intermediate value, 

EXAMPLES. 

1. Show that e * takes the form or oo according as x 
is very small and positive, or very small and negative. Give 
a graphical illustration by tracing the curve 

1 

2. Show that if a rational integral function of x vanish for 
n values between given limits, its first and second difterential 
coefficients will vanish for at least {n-\) and (n- 2) values of x 
respectively between the same limits. Illustrate these results 
geometrically. 

3. Prove that no more than one root of an equation f{x)=sO 
can lie between any adjacent two of the roots of the equation 

/'(^)=0. 

4. Establish the result of Art. 179 from the aspect of a 
differential coefficient as a measurer of the rate of increase. 

5. Show that no algebraic curve ever stops abruptly at a 
point. 
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Taylor^B Series. 

181. From the extreme generality of Taylor's Series 
there is much difficulty in giving a rigorous direct 
proof. 

It is found best to consider what is left after taking 
n terms of Taylor's series from/(fl?+ h). If the form of this 
remainder he such that it can he made smaller than any 
assignable quantity when sufficient terms of the series are 
taken the difference hetweenf(x + h) and Taylor* s Series 
for f(a! + K) will he indefinitely small, and under these 
circmkstances we shall he able to assert the truth of the 
m<yrem. 



182. Lagrange -Formula for the remainder 
after the first n terms have been taken from 
Taylor's Series. 

Theorem.— If /(^ + i) and all its diflferential coeffi- 
cients, Yiz. f(x + z), f'(x+z), f^{sc-\-z\ up to 

the 71*** inclusive be finite and continuous between the 
values z^O and z^h oi the variable increment z then 
will 

where is some positive proper fi:action. 

Let 
f{x+h)=f{x)+hf'{x)+^^r(x)-^...+^^^ 

R bein^ some function of x and h, whose form remains 
to be discovered. 

E. D. c. 15 
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Consider the function 

/(x+z) -f(x)-zr(x) - 1' r (^) - ... - ^-^j/n-i(x) -^ iJ=^(.). say; 

then differentiating n times with regard to z (keeping 
X constant), 

/'(x+.) - /'(x) - ./"(*) - ... - j^^,/-M«) - ^iR=4>'(z), 
/'(.+.) - /"W---(;^j/-'(«)-(S)-,iJH«"W. 

etc., etc., eto. 

f^ix+z) - JS=^*(«). 

All the functions <f> (z), 4>\z). .., <f>^ (z) are finite and 
continuous between the values and h of the variable z, 
and evidently </>(0), ^'(0), ^"(0)..., ^^^^O) are all zero. 
Also from equation (1) <f) (h) = 0. Therefore by Art. 180, 

(j)' (z) = for some value (hi) of z between and h, 

:. ^" (z) = for some value (A^) of z between and Ai, 

.'. ^"{z) = for some value (Aj) of z between and A,, 

and so on ; and finally 

^^(z) = for some value (A^) of z between and h^-x* 

Thus /»(^ + An)--R = 0. 

Now since h^ < K-i < hn^... < h^<hi < h, 

we may put A„ = Oh where is some positive proper 
fraction. 

Thus R=^J^{x + 0h). 

Hence substituting in equation (1) 

/{x + h)=f{x)^hf{x) + ^r{x) + .,. + ^^^^f--^^^^ (2). 
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This method of establishing the result is a modifica- 
tion of one due to Mr Homersham Cox (Gamb, and 
Dublin Math. Journal). 

183. If then the form of the function /(oc) be such 
that by making n sufiBciently great the expression 

can be made less than any assignable quantity however 
small, we can make the true series tor f(x-\-h) differ by 
03 little as we please from Taylor's form 

The above form of the remainder is due to Lagrange, 
and the investigation is spoken of as Lagrange's Theorem 
on the Limits of Taylor's Theorem. 

184. The corresponding Lagrange-formula for the 
remainder after n terms of Maclaurin's Series is ob- 
tained by writing for w and w for h and becomes 

thus giving 

/(«)=/(0)+»/{0)+|l/"(0)+...+^^^/-MO)+fJ/-(te). 

186. The student should notice the special cases of 
equation (2), Art. 182, when n = 1, 2, 3, etc., viz. 

f(x + h) -/(«) + hf(a, + eji), 

f(x + h) =f(x) + hf (x) +^,f'(x + eji), 

etc.; 

all that is known with respect to the 6 in each case 
being that it is a positive proper fraction. 

15—2 
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186. Geometrical lUustratloii. 

It is easy to give a geometrical illustration of the 
equation 

f{x-^h)^f{x) + hf\x+eh). 

For let x,f(x), be the co-ordinates of a point P on the 
curve y==f(x), and let x+h,f(x+h) be the co-ordinates 
of another point Q, also on the curve. And suppose 
the curve and the inclination of the tangent to the 
curve to the axis of ^ to be continuous and finite 
between P and Q ; draw PM, QN perpendicular to OX 
and PL perpendicular to QN, then 

f(x+h)^f{x) _ NQ^MP ^LQ_ 

h -—WT^-PL"^^^^' 




Also, x+0h ia the abscissa of some point R on the 
curve between P and Q, and /{x-h Oh) is the tangent 
of the angle which the tangent line to the curve at 22 
makes with the axis of x. Hence the assertion that 

is equivalent to the obvious geometrical fact that there 
mtist be a point R somewhere between P and Q at which 
the tangent to the owroe is parallel to the chord PQ. 
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187. Failure of Taylor's Theorem. 

The cases in which Taylor's Theorem is said to fail 
are those in which it happens 

(1) That /(a?), or one of its differential coefficients, 

becomes infinite between the values of the 
variable considered ; 

(2) Or that f{x\ or one of its differential co- 

efficients, becomes di8continuov>8 between 
the same values; 

(3) Or that the remainder — j /^ (a? 4- Oh), cannot 

he made to vanish in the limit when n is 
taken sufficiently large, so that the series 
does not approach a finite limit. 

Ex. If f(x)=,Jx, 

Hence Taylor's Theorem gives 

If, however, we pat xsQ, ^r— 7- heoomes infinite, while Jx + h 
becomes »Jh, 

Thus, as we xnight expect, we foil at the second term to expand 
tjh in a series of integral powers of h. 

188. In Art, 70 the proof of Taylor s Theorem is 
not general, the assumption bein^ made that a con- 
vergent expansion in ascending positive integral powers 
of a; is possible. The above article shews when this 
assumption is legitimate. 

For any continuous function/(a;) in which the (p+ 1)"* 
differential coefficient is the first to become infinite or 
discontinuous between the values x and x+h of the 
variable, the theorem 

pi 
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which involves no diflferential coefficients of higher 
order than the p^y is rigorously true, although Tajaor's 
Theorem, 

f{a>+h)=f{a^)+hf{a^)^...^.^fP{x)^-^J*^\x)^.... 

fiedls to furnish us with an intelligible result. 

189. The remarks made with respect to the failure 
of Taylor's Theorem obviously also apply to the par- 
ticular form of it, Maclaurin s Theorem, so that Mac- 
laurin's Theorem is said to fail when any of the 
expressions /(O), /'(0),/"(0), ... become infinite, or if 
there be a discontinuity in the function or any of its 
differential coefficients as x passes through the value 
zero and increases to the value x, or if the remainder 

—^f^(Ox) does not become infi/nitely small when n becomes 

infinitely large, for in this case the series is divergent 
and does not tend to any finite limit. 



TSTAMPI.TgR 



1. Prove that 



«*=! +^lo&a+ 2^ (lo&,a)a+... + ^^^-yyj (log, a)«-i 

+— ,a««(log,a)». 

[Here /(^)=a«, /•(^)=a«(log.<, /•(0)=(lQg,a)~ 

and f^MOa;)=^^a^»{\og.a)\ 

Hence the result follows by Art. 184. 
The student should notice that 

af^a^ (log, «)* 
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can be made tnudler than <my auigwMe quantity bv sufficiently 
increasing n. Hence the remainder after n terms of Maclaurin's 
expansion have been taken ultimately vanishes when n is taken 
very large. Therefore Maclaurin's Theorem is applicable and 
gives 

a*=l+^log,a+2j(log,a)2+...+ to oo.] 



2. Shew that 



c^a^ . a^a^ . a^af^ . mr 



SmO^ssOa? r-+ — ; ...+ 

3! 6! 



^^T+-' 



and that the rem^der after r terms may be expressed as 
(KTaf 






8. Shew that the remainder after r terms of e** cos hx have 
been taken is 

4. Shew for what values of x and at what differential coeffi- 
cient Taylor's Theorem will fidl if 

5. How does Maclaurin's Theorem fail to expand 

log^, tan'^V^, or 6~« 

in ascending positive int^;ral powers of ^? Is 6** continuous 
as X passes through zero ? 
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1. A circle is drawn with its centre on a given parabola and 
touching its axis, shew that if the point of contact recede 
with a constant velocity from the vertex, the rate of increase of 
the area of the circle is also constant. 

2. If F be the volume of a sphere of radius r and S its sur- 
face, shew that 

dr 
and interpret this equation geometrically. 

3. If F be the volimie of a cube whose edge is x, and S its 
surface, interpret geometrically the equations 

dx ax 

4. If F be the volume of a rectangular parallelepiped of 
edges Xy y, z interpret the equations 

dV dV dV 

^=y., ^=zx, -^^xy. 

5. Evaluate the limits : 

(1) Zjf,«ao^a;taniy\ 

(2) X^«»«2«tan^. 

6. Prove that ^««=i^r2iJ = g^ • 
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I. -CI- 1 X r^ tan(a+47) — tan(a-^) 

7. Evaluate Lt,^ ^-i\aJ).J^x(^a-xy 

8. Provethat Z^(^-^-^) = l. 

9. Find the limiting values of the following functions 
W >,/,,_>. — Hv when d=0. 



(ii) 



^(coB^-cosa^ 

a; sin a;-- when 07=5. 
3 i0 

cos^ 
(iii) (sin xj*^* when a; = 0. 

(iv) .1 "^ when a?=a. 

10. Find the intercept made by the curve y=^ cot^— (The 
Quadratrix) upon the y-azis. 

11. If w=^\/?+a2+anog(4?+VS2Ta2), 



shew that 

12. If 
shew that 

13. Find 

14. If 

shew that 



da 
dx 



=2V^+a*. 



^+V^2r7=alog^±^^^HZ, 



d^^ y_ 



dx 



Va'-2 



d 


1, 1, 1, 1 


, 




di 


1, Xy 1, 1 
1, 1, Xy 1 




1 1, 1, 1, X 




y= 


Xy a, b, c 
-a, Xy -c, 6 
-6, c, X, -a 
-Cy -by a, X 


» 


dhf 
dx^ 


- 12^=^4 (a«+ 


6»+< 


!») 
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15. If \/i^^+Vi-y*=a(^-y)» 

prove that ^ = ^S'. 

16. i^y=472^^«rr^2T^ -^272^^1^' 

prove that 



dx 1+^* 
Hence expand y in powers of x, 

17. If 

^ x-a^^ (j€-a^{x-a^^ {x-a^{x-a^{x--a^ 

to w+1 terms, 

shew that f = y[-^i^ + -^+...^^^\. 

18. Differentiate r—r^^^ *wice with respect to x^ and find 
the value of the result when ^=0. 

19. If u^ = cosh*47 and v^ = sinh^a?, prove that 

and ^=wX+^(^-l)«'n-2- 

20. If a? == cos log y, shew that ( 1 - a;^) y^ - xy^ =y. 

21. If t/={ax^+bx+c)l(l-x), 
shew that (1 -•«'') ^3= 3^8- 



22. Prove that ^(^- ^)=«"(^+") 

23. Findgwherey=^3^:i^. 

24. Shew that j^,—J?^±2^±^ 
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25. If y =0^ sin x, find ^-^ . 

27. Shew that ^^-i(^+l)-i(^+2)-i...(^+n)~i 

28. If 0(^) = (l-^)-i(l-ca?)-ni-c247)-i to 00, where 

c is less than unity, shew that 

<^«(0)=w!/(l-c)(l-c2) (1-c*). 

29. Prove that if ac>l^^ 
d* b+cx 

dx^ a+2bx+ca^ 

30. If y=?!:gl'then :r»g+4:rj+2y=;r«y, 
and if 91 be any even integer, 



31. If y=(^- 1)« prove 
(a) (;r8-l)yi=:272a?3r, 

Hence if Ph=^ ^ (^"" ■^'**» ®^®^ *^^ 
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32. Prove that c«+*«+«^+*'+*** 

33. If u=f{x\ shew that 

34. If 6*smx=2a^a;*, shew that 

sm — 

35. If d'=\og{aQ+aiX-\-a^+ ,,,A-a^+ ,,,\ prove that 

36. If il^i ^i> ^^- ^ ^^® successive coefficients in the ex- 
pansion of y=g«)e"«+»*n"»^ prove 

A ^ ( 1 , ^^^ 4 ( ^ ' ^W r n 



37. Given that 

1! ^2! ^3 



sinlog(l+^)=yi^+^|a;*+^»a;8+... 

» » » 

coslog(l+^)= 1+^^+2^^+ j^^+... 

calculate the first eight coefficients of each expansion. 

[m. tripos.] 

38. From the expansion of sin-^ar/Vl - ^y deduce 

^ '^=f+^t^+3T4:^+3T5(rT^; +-j- 

Also establish the series 

, , » , ^1^1.2^1.2.3^ 
W 2=^ + 3 + 376 + 37677 + 



/h\ 2ir , . 1 /A . 1 • 2 /ly . 1.2.3 /ly . 
(*> 373=^+3l2J+0l2J+3:T77l2J+- 



Digitized by VjOOQIC 



MISCELLANEOUS EXAMPLES. 237 

39. Establish the expansions 

, , ff» ,^111 1.2 . 1 1.2.3 . 

(«) ■8 = ^ + 2-3 + 3-376 + 433r7 + 

V* 11/1\ 11.2/1\« 11.2.3/lY 
W 9-= ^ +23 \i) + 3 376 Vij "^ 4 ZTtTI \V + 

4a Prove that 3^3=1+1 + 1^^+^1^,+ 

41. Shew that if /(a;+A) be expanded bv Taylor's Theorem 
and then h be put equal to -^, the sum of tne first n+ 1 terms 
may be expressed as 

^ ^" »! <ie"L * J' 

42. In the curve — V\=3cyy find the points at which the 
tangent is parallel to one of the co-ordinate axes. 

43. Find at what angle the circle a^-\-y^^a{x-y) cuts the 
co-ordinate axes. 

44. In the curve y =log coth - shew that -7- = coth x. 

45. In any curve prove that 

(6) ^/;^^='^. 

46. Find the sine of the angle of intersection of the rect- 
angular hyperbola a^-y^=a^ and the circle ^+y*=4a*. 

47. Shew that the points of inflexion on the cubic y= ^ 

are given by x=0 and x= ±a^Z. 

Shew that these three points of inflexion lie on the straight 
line^=^. 

48. If a line be drawn through anv point of a given curve 
at right angles to the radius vector (ana therefore touching the 
first n^ative pedal), then the portion of it intercepted between 
the two curves is equal to the polar subnormal of the point on 
the original curve through which it is drawn. 

What is the geometrical meaning oi -r^l 
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49. In any curve the radius of curvature of the evolute at a 
point corresponding to the point p^ r on the original curve is 



^•^l('$)- 



50. If p and p' be the radii of curvature at corresponding 
points of a curve and its evolute, and p, ^, r are the first, second 
and third differential coefficients of y with respect to x, prove 
that 

51. If p, p' be the radii of curvature at the extremities of 
two conjugate diameters of an ellipse, then 

(p*+p'*)(a5)*=a8+62. 

52. The projections on the x-SLXia of the radii of curvature 
at correspondmg points of y= log sec a? and its evolute are equaL 

53. In the curve for which 

prove that the normal is m times the radius of curvature. 

54. Shew that there is an infinite series of parallel asymptotes 
to the curve (r-6)^=acosec^, whose distances from the pole 
are in Harmonical Progression. Find also the circular asymptote. 

55. Shew that the asymptotes of the curve 

cut the curve in eight points lying upon an ellipse whose eccen- 
tricity =V3/2. 

56. In the curve r cos ^^—^ — ^= Va* ~ h^, 
shew that /?=- 



a 
ar 



57. Find the asymptotes of the curves 

(1) ^~y*=a*^. 

(2) (^-2aa?)(^+y*)=6«^. 
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58. Find the asymptotes of the curve 
(ar-y)«(a?-22^)(a?-3y)-2a(a:S-y3)-2a2(:r+y)(:i;-2y)=0. 

59. Determine from the equation 

(a?-a)3+7(y-6)»=(^+y-a-6)3, 

the values of -j' when x^a^y^h, 

60. Find that point on the curve 



\h) —a 



where the angle which the tangent makes with a radius vector 
from the origin has a maximum or minimimi value. 

61. Find the area and position of the maximum triangle 
having a given angle which can be inscribed in a given circle 
and prove that the area cannot have a minimum value. 

62. If four straight rods be freely hinged at their extremities, 
the greatest quadrilateral they can form is inscribable in a circle. 

63. Find the triangle of minimum area which can be de- 
scribed about a given dlipse, having a side parallel to the major 
axis of the ellipse. 

Also shew that the triande formed by joining the points of 
contact is an inscribed triangle of maximum area. 

64. A tree in the form of a frustiun of a cone is n feet long 
and the greater and less diameters are a and h feet respectively, 
shew that the greatest beam of square section that can be cut 

^out of it is s-7 iT feet long. 

3 (a - 6) ° 

65. Find the maximiun radius vector of the spiral 

r cosh ^ = a. 

66. Investigate the maximum value of cos m,r . cos*^^;. 

67. Investigate the maxima and minima of 

cos ^ -f cos 2^7 + COB 3ar. 

68. Find the maximum and minimum values of c* cos a? and 
trace the curve y=6«cosar. 
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69. The comer of a leaf is turned down, so as just to reach 
the other edge of the page ; find when the length of the crease 
is a minimum ; also when the part turned down is a minimum. 

70. If the angle (7 of a triangle ABC be acute and constant, 
prove that sin^J.+sin^^ is a maximum and cos^J.-fcos^^ a 
minimum, when -4=5. 

71. Shew that the shortest normal chord of the parabola 
y*=4ar is QaJZ and its inclination to the axis is tan-iv2. 

72. Find the maximum value of 

What happens if a=6 ? Illustrate your answers by diagrams 
of the curve 

in the three different cases, [l o. s.] 

73. Prove that the pedal equation of the envelope of the 

4 
line :rcos2^+ysin2^=2acos^ is ^=^(r*--a*). 

74. A square slides with two of its adjacent sides passing 
through two fixed points. Shew that its remaining sides touch 
a pair of fixed circles, one diagonal passes through a fixed point, 
and that the envelope of the other is a circle. 

75. The tangent at any point P of a parabola meets the 
tangent at the vertex in Q, and the normal at P meets the axis 
in R : find the envelope of QR, 

76. Ellipses of given eccentricity «, have for their major 
axes parallel chords of a circle of radius c. Shew that their 

envelope is an ellipse whose eccentricity is ./ ^ — ^ . 

77. Shew that the expansion of - _ is 

where 5i=g, ^3=3^, ^6=42, B,^-,^\c, 

[These numbers are called Bernoulli's numbers.] 
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78. Shew that if 

is^X^S,\;^rS,^^^S,f^.,.... 

then ^2n-l = 52n-l ^^2^j ■• 

79. Shew that 

sec^=l+.S,|j+>S,^ + >^e^+ 

where 5^ = i, . >8'^ = 6, >Sg = 61, etc. 

[These numbers are called Euler^s numbers.] 

80. If sec^ + tana;=H-/Si^j + /^3^ + ^3^+ 



prove 



(a) S,^,^S,+P-^f-^h^^,S, 

1.2.3.4 '3p-4^4+- 



(which when p is even expresses any Bernoulli's number in terms 
of lower order Eider's numbers). 

KO) ^p^-Y72^^p-2+ 1.2.3.4 '^^-*" 



pir . ©IT 
4-cos-^ =sm't~. 



(c) >Si=l, >S2=1, '^8=2, ^4=6, /S;=16, ^e=61, 
/^y=272, >S'8=1385, ^9=7936, etc. 

« *-?^'((i)"'*(-ir'*a)- 

E. D. C. 16 
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(«) Deduce the several results 



-M-^- 






33^53 73^* 



eta 



IT 

"32 

"1536' 
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ANSWERS TO THE EXAMPLES. 



CHAPTER I. 
Page 6. 
1. (a) 00, (b) i, (c) 00. 2. (i) J, (ii) * 



b' 



O 1 

7. -00, 0, 0, -1, -00, 00, 0, 00. 8. -, ^. 

Page 11. 



6. 

11. 

16. 

21. 

CHAPTER II. 
Page 16. 

1. r-y = 3aj3(JS:-a;). 2. r-y=4a:«(X-a:). 

8. 2ji{Y-y)=X'-x. 4. Y-y={2x-\-3a^(X-x), 

6. T-y=eoax{X'X). 6. y-y=«*(;f-x). 

7. «(r-y)=X-a:. 8. r-y=8eo>a;(X-a;). 

9. JKx+ry=c«. 10. -yx/aa+Fy/6»=l. 

16—2 



logfta. 




2. 


3 
6- 


8. 


n ' 




4. 


1 


6. 4. 


4. 




7. 


2. 


8. 


1. 




9. 


1 
2* 


xo. §. 


2 
3' 




12. 


1 
6' 


18. 


1. 




14. 


1. 


«• B 


11 




17. 


18 
60- 


18. 


2 
3* 




19. 


1 
2* 


ao. 1. 


00. 


22. 


1. 


28. 


.-i 


24. 


0. 


i 


16. e-K 


36. e 
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Page 17. 

1. 2. 2. 1. 8. 8. 4. 6x. 5. -l/x«. 

6. -1/a^. 7. -2/«8. 8. a/2V^. »• xjJx^+aK 

10. e'^l2tjx, 11. «"*»*oo8ar. 12. tanx. 

18. einx+xcosx. 14. (x cos x - sin x)/**. 15. x*(logx+l). 

CHAPTER III. 

Page 27. 

1. a;a(3Binx + xco8x); (3 + x)xV; x«(31og,x + l); 

x» (3 tan X + X 860^ x) ; x» (3 loge Bin X + X cot x). 

2. «>(4-xootx)ooBeox; (xoo8x-4 8inx)/x'; (oo8x-sinx)/«*; 

^ (8in X > COS x) ooseo' x. 

8. seo^xlogesinx + l; «*nogeX+- j ; sinx (2 + tan'x). 

4. x'«*Binx(3+x+xootx); tan xlog«x+xs60^xlog«x+ tanx. 
6. ar'e-* {(3 -x) sin x+x cos x}; x*e~*ooseox{3-x-xcot«}; 
- (8 + X + X cot x)/x*«* sin X. 

6. (8inx + 2xcoBx)/V*; 3(2xBec«x-tanx)/2x*; 2e*(2x-l)/x*. 

7. e*(2xi+6x^+2x+l)/2xi; c*logex{x*+6x»+3x3) + e«(x»+x2). 

Page 30. 

^ . « cosx 1 

1. 3e3*; -e-*; Ssin'xoosx; ■ ,- — ; - — .- ; 

2Aysmx 2x tjloge^ 

BeC^X 008 a/x 

2 Jt&nx ' 2 mJx ' 

2. <f«»«cosx; e*"»8eo2x; Sx^d**; e^'^l2jx; 1. 

1 3 

8. cotx; 2cosec2x; ^> -- 

008 (log x) ^ Beo»(lofox) , co8(log,x) ^ 
X ' X ' 2x ^sin (logex) ' 

OOB ijx 00t_^/x 

4^/xV8in^/x' 2^/x * 

6. ^i~ cot ^/? ; seo3 log, sin e^" . cot e'^" . «^* . ■ >- . 
4 2 i^x 
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CHAPTER IV. 
Page 32. 
1. 1; 10a*; -x-«; -10ar»; 

3 j^ _1_^ JL_ _6 _^ 6 -f 
^ ' aa!^' 3x^* ^ ' 4 ' 

2a:4 <^+«) ^{x+a)^ 
aj* dj* aj* 

5. -(16a+116^«)/l2c^; s/al^x{^- ^/x)^; 

^Ifaj^Ux^CJo'-'^xY', a/(a-x)*(a+a?)i; 2a/3(a-a;)*(a+x)*. 
(g-c) {5a^+2 (a+c) x + ft} , 
(caj2+6x+a)« * 

(x+a)i»~M« + &)«"^ {(P+«) x+pb + qa}; 

Page 34 
1. 2e**; - «"* ; n«** ; smh a? ; cosh « ; 8««*. 

Jl. _L.. g 2ag+5 2 4a; (loga.a)^ 

2a;* a;+a* aa;+6* ax'^-^hx+e* 1-x^* 1-a;*' xlog^a* 

1 1 ib'ixS 

8. ««^'(««);^^'(logx);- ^^ ' - 



« 2 V^ (X) 

n[^ (a+x)]'^i^'(a+x); n(a+x)*-i^'[(a+x)*]. 

4. .«[log(x + a)+^]; 

x*-i««(x + n); (1 + log o)o«.e«; 2»log«2; 1°. 

». -■*'!!5 ^+-; -7T^'^,(xlogx-l). 
x + «*' X x(logx)*^ ■* ' 

x + 1 

5, esiogac , log ex ; ; log ex. 

X 

Page 35. 

L 2co8 2xj ncosfix; «Bm*~ixoo8x; noosx*.x*-*; — ^. 

2^x 
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cobJx 1 ^ ^„^ cos^gv^ 

8. sin'*-^ af oos*~^ a: (m cob' a; - n sin* a?) ; — —^ (m cos'a; + n sin'x) ; 
n*a:*~^ sm**~i (na;*) cos (na;*) ; ««« (a sin 6a; + 6 cos fca?). 

4. ;r (cos 2a; +2 cos 4a; -3 cos 6a;); sin x (sin 3a; + 3 sin a;)/8in3 3a;. 
2 

6. -2^(sin2x+2sin4as+3sin6a;) ; 

- cosP ax . cos« 6x . cos*" ex {ap tan ax + bq tan &a; +cr tan ca:). 

Page 38. 

2 
1. 29; sec a;^. tana;'; — 7=. ; 2a; sec* a;* ; 
xjx*-l 

r ; 2a; sin a;' ; • 



1 + x* j2-a^ 

2. s — i— -; e'seo'e*; 2cosec2a;; ., . ^> . =- ; -2co8ec2a;. 

2cosha;* ' (1 + a;*) tan-^ a; ' 

1 1 a 2 

^' ^2aa;-ar»' Vo(2-a) + 2a;(l-a)-ar'' a'+a;*' l + a;** 

4. - COS a;/2 ^covers a; ; jpga;«~^ tani»-i 3;^ , geo2 g^ . 

pqxi^i (tan-i a;i>)»-i/(l + ^^) ; log tan-i x + (i^^aj^^^^-i^ • 

, . 1 tana; 1 

5. sec'a;.sin"*a; + -p==; , — ; 

tjl-x^ sina; ^sin'x-cos'x 

sina; - / . , 1 \ 

l + cos«x' \ Vl-W 

Page 42 (first set). 

/eiiix , \ 

1. ««ta«( +cosa;.logx j; 

(sin-i xf ( log sin~i x+ p^^ ) ; xo^"^ log ca;* ; 2a;** log ex. 

\ sin-'x. yl-xV 
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2. (sin a;)co«« ( — ; sin as log sm x j 

V . / <. sin'a;\ 

+ (008 a;)8ina; / oos X log 008 X I 

(tana;)«(logtanx+2a:co8ec2ar)+a;tanaj f sec* a; logo; + - tan a?] . 

3. tanx.loga;.e«.ir*. >^ f 2 cosec 2a; + — | +2+loga; + s- )• 

Page 42 (second set). 

1. -^ o- 2. -,-T— «• 3. 



2 a; 2 

5. 1. 6. . . 7. , - . 8. -rr-«- 

3 a»-2a;*-2a;i+l 2 a?»-l 

10. , ^ . 11. ; 12. 



Vl-^'* 2a;^(l + a;)(l+a;2) Vl-a:« ^'"4 

Page 46. 
1- y8- ^- y*-i- '• a?(y-l)* 

4 _y??Lil 6 -vMoff-/x»ioK- 6 y^'^-'+y^ Qgy 

*• i%S^- **• y ^*'«x/^^*'^y- *• xy^-i+x^loga:- 



Page 47. 

1 , 3ar + a:» ^ a:*-2aV+4a^ 

5. 



(l-a;)^(l+a:)^' ' (l+x^)** * (a:« - a«)* (ar« - 4a«)^ ' 

2 + 2ar-a;» 2(l-a?«) 

2(l-aj)i(l+a:+««)*' ' l+ar»+aj** 

U. oo8^....1og*+™i?. 12. l2?J^_2tan^^ 
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a. 7 ; oota;; j=eoiJx\ cob ««""*; - . i- « 

3. sin**-^ a; 008*~^ x (m cos* a; - n sin* a?) ; — -^^^^ (m cos'a; + n sin^a;) ; 

^s-pw-i Bin*~i (na;**) cos (na;*) ; ««« (a sin 6a; + 6 cos 6a;). 

4. ^ (cos 2a; + 2 cos 4a; -8 cos 6x); sin a; (sin 3a; + 3 sin a;)/8in* 3a;. 

6. -^(sin2a;+2sin4as+3sin6a;); 

- cosf^ oa; . oos^ 6a; . cos** ca; (op tan aa; + 69 tan 6a; + cr tan ca;). 

Page 38. 

2 

1. 29; sec a;*, tana;*; 7=; ; 2a; sec* a;* ; 

x^xi^-l 

J ; 2a; sin a;* ; • 



1 + ^' V2^^' 

a. = — i--; e*seo*e*; 2oosec2a;; ,^ . ,,. =- ; -2oos6c2a;. 

2cosha;* ' ' (l+a;*)tan-iaj ' 

1 1 a 2 

^' J^ax-a?' Va(2-a)+2a;(l-a)-a;*' a^+a^' 1 + a;** 

4. - cosa;/2 ^covers x ; jpga;«~^ tani»-i -pj , g^oS j;« ; 

2)3a;i^i (tan-i a;i>)«-V(l +x^) ; log tan-i a;+ ^-j-j-^^^^:^ . 

„ . , tan X 1 

6. sec* a;. sin-* a; + -7==; r ; 

,yi - a;* sin a; vsin*a; - cos* x 

sina; , / . , 



Jl-x^* sina; <ysin*a;-cos*x' 

sina; , / . , 1 \ 

l + cos*a;' V Jl-a;*/ 



Page 42 (first set). 

/sina; , \ 

1. ««ii»«( +cosa;.logxj; 

(sin-i a?)* ( log sin'^ x + t.:^= j ; xo^"^ log ea^ ; 2a;**log ^ 

\ sin-^a;. yl-a;*/ 
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/COB^X . , . \ 

2. (sin a;)coB « ( —. sin x log sin x J 

+ (cos a;)8*n JB / cos x log cos a; J 

(tan a;)* (log tan a;+2ar oosec 2a;) +xtonaj f gee* a; log a; + - tan a? j . 

3. tana:.loga;.e«.a:«.>v/ir2co8ec2a;+^-g-^+2+loga; + 2^j. 

Page 42 (second set). 
3 1 « 1 1 .1 



2 a; 2 

9. . 10. — z • 11» / !»• —J — -T' 

^1-x^ 2a;^(l + a?)(l + a;2) ^1-x* « "-* 

Page 46. 

V2a;a-1 o i « / «i « ^ yar^-i+y'logy 



Page 47. 

1 3a; + a:» a:*-2a2aj2 + 4a^ 

4. J. 5. -, 6. 



(l-x)^{l+x)^' ' (l + a^a)*' ' (a:«-a«)*(x8-4a«)^* 
2 + 2ar-a;» . 2{l-x^ 



2{l'X)i(l+x+x^)i' 



"• l+ar»+aj** 



1 «■ o 

10. T^cofla;°. 



•• a;{H-(logajn* * 180 

sine* .^ log/s/cotx 2tan-i«« 

11. 008 ««.«*. log 05 H . 12. V ;— 75 . 

XX. wDc .c . K -T- ^ ooaha sin 2s 
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248 DIFFERENTIAL CALCULUS, 

Binhx . . , ^ ,^ 2coseo2a; 

13. — r— , i,e, tann a;. 14. — - 



«^^ * V^log cot « - (log cot a;)2 

cosaf 1 1 

18. , ^ — (m cos~^ x-n sin-^ a?). 

19. COB (e«logx) ««log (xe*) Jl - (log a;)> 

/ «t % log a:* 
- sin («« log x) 



Vl-(logx)«* 
21. 



ah' {. yX ax \ 



(BOB-^ X- X Jl~a^ ^^ a Bin (a ooseo"^ x) ^^ J^-a^ 

22. ^^ . 28. ^ , — '. 24. -r-5^ . 

(l-a.2)f x^x^-1 6 + acoBa: 

25. 2etan-i«|??£^+3a:»tan^}. 

26. e«* -la cos (6 tan-^ x) - ^ a ^"^ (^ **°~^ ^) f • 

2^ a;a«(2 + cglogea) ^ a;log,gBin (loR, Va^+gg) 

l+a^2cx • • {a^+x^)<iOB^(LogaJ^?+x^' 

29, , 80, 3j f: 

1-x*' ' arlogar' ' xlogxlog2a;log8a;...log»»-ia;' 

82. —-^ . 88. ~ ^=. 84. 10*. lO"^ (log. 10)2. 

a + fccoBx Vl^:^* 2sjin^ \ ^ I 

1 
85. «*.««•. 86. e^,a^Aog(ex). 37. ar«*. <s«log (a^). 

88. a:** . X* . j(log xf + log a; + -1 . 89. x* log (ex) - a?* ~ log - . 

40. - (cot x) cot* ooBec' X log (e cot a?) + (coBh a;) «»h « gjnh a; log {e ooah a:). 

a;i aaaj^in* / ^\ 

41. =- 1 — loK \ a^x^^*e * / 

+ tan~i (a^a:**"*) ~ 



2a?i(l+a:t)«* 
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1 e*""** 



f . m wX /- . m m\ m 

(^8m^+co8-](^l>Bm-+cos~j^ 

2V(l-HC0B^)(l.Binf) 

1+2 Vaj 2^/i(l+^/i)(l + 2^/^)J 

46. -y oot OS (1 + 2 00860* X log cos x). 

flogoot-^f 1 1 

*^* ^ t ^ '^'i (l+a:«) cot-' arj * 

48. (l + l)"{log-^^.^,}+.---^x + l-logx}. 

**• ^ J • 50. oo8a;.oos2«.coB*y.e«^«. 

(«»+y»)seo«|-6a: 

aj; + % n / g \i ytanx+logsiny 

"Ax+&y* 2x\a + 6ajV * * log 008 a? - « cot y ' 

54, a:(3+2tanlogx+tannoga.). 55. ||^. 56. j^z^^^- 

ylog y 1 + glogaslogy y {(a+6a?)y-6g'} 

xloga; 1-xlogy ' " a; (y - x) (a + 6ar) 

ax+hy-^g y 

"•• 'hx+by+f ^' x' 

6x»(l + y»)tanx>g<»p~^y log^ < 

•*• 1+ya- log 8ec«x8 ««""-* y' ®'' 2x2 * 

64. -(l + a«C08«6x)(x*+ax+ay-i 

Vn (2x + a) log cot I - cosec x (x* + ox + a») | /a6 sin 6x. 

65. x"ta-»xAogx + ivLl^gin^i^\ ^, 1. 

e7. l^Ag^^^, es. ?. 69.-1. 70. 1. 
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250 DIFFERENTIAL CALCULUS. 

g n(l-Hag^)tan~^a:logtan~^a:+ag -y- 

(1 + a^ taii~i X ( >^ cos ^x - 8 sin /i/i) 

«-" r a5<+5x« ,S\ 

~' 4?T^Li;;;V^3I-(5^+4x»)seo-ia.V-J. 

1 2 [Deduce from first result of 83 by putting tx 

\ogx^ x*-l* for X, then nsing exponential valnes and writing 
z^ for €*, or otherwise.] 

86. (6) Prove H.= ^"^(f--^>^^C^'"^^^'^^^^^ ^^then 
^' * a:2(y.^)+ya(^.aj)+£a(x-y) * aifferential 



differentiate. 



CHAPTER V. 

Pagb 56. 

, (-l)*a"nl ^ n! . 6».nl 
1- 7— TTT=:r. 2. 7- — -T=xi. 8. 



(aaj+6)»+i' (a-x)*+i* (a-6«)«+i* 

(-l)*-^a6*-^n! (-l)*(5c-ad)c*-inl 

(a+6a;)»+i ' (ca;+d)«»+i 

(-l)^a%I (-l)n(n+3)! 

1.8.5...(2n^3) 1 

(a;+a) « 
3.8.l3.18...(5n-2) (-1) '* / ,,„, i)a'>(n- 1)1 

(ar + a) « 

U. ||cos(« + f)-3»ooB(a.+ f)j. 

12. ^ |2« COS (a:+^) - 10« cos (3x+n tan-i3)l . 

18. ^{l-62cos(2a:+ntan-i2)}. 

14. ^ |a» + (a* +462)3 008^260? + TO tan-i^M . 

15. \ |2«sin^2x+~)+4*sinr4a:+^)-6«8inr6«+^^l . 

16. ^ |2 . (10)^008 {x-¥n tan-i i^ - (18)5 cos (3a:+^^ 

-(34)?co8(5x+ntan-i|^l . 
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17. la*-! sin Ux +^) - 4*-i sin (4a; + y)} • 

18. ^ |2 . 6^ sin (2x + n tan-i 2) - (17)^sin (4a; + n tan"* 4)}- . 

Page 57. 

2. ( - 1)* . 2*n ! sin (n+ 1) ^ sin*+i^, where tan ^=^ . 

(^l)n^i(n-l)! f 1 11 

2 V+a)* (x-a)*)* 

^ (-l)»nlr 1 1 2 . , .,^ . ^,^n 

4a' L(^-a)*+^ (x + a)'^i a*^^ ^ J 

where x= a cot ^. 

(-irni ri f 1 1 ) 

**• aa-6« L2a l(x-a)*+i (x + a)«+ij 

-ij_i L-.n. 

26 l(x-6)*+* (x+6)*-*"!) J' 

(-l)*n! rs in(n+l)0sin*^^0 __ Bin(n+l)^8in*+^^ 
;i-.6a L" 511+2 a»+2 J» 



« 

tf 



where x = a oot ^ = 5 oot 0. 

7. 2 ( - l)*-i (n - 1) ! sin n^ sin*^, where x=cot 0, 



,jdcil 



«• ^ Jo sin (n+1) ^sin«+i ^, where x=- .-5- 

2Z2 ^ ' sin^ 

8 « 

•• ^ S;;4^^{8in(n+l)^sin«+i^-sin(n+l)^sin*+i^}, 



3 « 
where 



sin^ 8m0 

10. (-l)'»nl|sin(n+l)^8in»+i^-sec*+»^sin(n+l)0sin«+i^l , 



where a;=cot^ = 

sm^ 
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250 DIFFERENTIAL CALCULUS, 

n(l+a!2)tan-ixlogtan-ia;+a; ^^ 

(1 + «*) tan-1 or ( a/x COB v« - 3 Bin a/x) 



86. 



1 2 [Deduce from first reBult of 83 by putting tx 

log X x< - 1 ' for X, then nBing exponential values and writing 



z^ for e*, or otherwise.] 

86. (6) Prove g.= ^"^Jf-^\^"C^'^^f^^'^^^^^^^ ^^dthen 
x2(y-z)+y2(x:-x)+x:«(x-y) 'aifferentiata 

CHAPTER V. 
Page 55. 



|n+l* 



(ax+6)"+i- -*• (a-x)«+i* (a-6x)' 

(-l)*-^g6*-^n! (-l)*(6c-ad ) c*-in! 

(a+6x)«+i • (cx+d)*+i 

(^l)Ha%I (-l)H(n+3)! 

(x-a)»+i ^ ^' ^* 3!(x + a)*+*' 

(x+a) 2 

3.8.13.18...(5n-2) (-!) '> / ,,^., i)a"(n-l)! 

S* • ^p' ^''- ^ ^^ (ox + 6)* • 

(x + a) 6 ' 



12. ^ |2« cos ^x + ~ V 102 cos (3a. ^. ^ tan"i 3)1 . 

13. ^{l-52cos(2x+ntan-i2)}. 

14. ^ |a«+(a«+ 462)^ cos r26x+ntan-i^]| . 

15. J |2« Bin (2x+^) +4* sin ^4x +^) - 6* sin (^a; +^)l . 

16. ^ |2 . (10)2 cos (x+n tan-i |^ - (18)^5 cos {^+^\ 

- (34)2 cos (5x +n tan-i ^ 
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17. |2»-i sin Ux +^) - 4*-i sin Ux ^-^^l . 

18. J |2 . 6^ sin (2x + n tan-i 2) - (17)^sin (4a; + n tan"* 4)}- . 

Page 57. 

2. ( - 1)* . 2*n ! sin (n+ 1) ^ sin*+i ^, where tan ^=5- . 
(,l)n^i(n-l)! f 1 11 

2 la;+«)* (a;-a)*J* 

4a* L(a;-ar^^ (x+a)»+i a*^^ ^ ' J' 

wherex=aoot^. 
(-irni ri f 1 1 ) 

-ij_i L-.n. 

26 l(x-6)«+A (x + 6)»-*"iJ J' 
( - l)*n ! rs in (n + 1) ^ sin*^^ sin (n 4- 1) g sin**+^ ^ 

where x = a cot ^ = 6 cot <f>. 

7. 2 ( - l)'»-i(n- 1) I sinn^ sin*^, where a;=cot^. 

(-l)*.2*«n! ^"(^+1) 

8. ^- ^^ -f- sin (n + 1) ^sin«+i ^, where x= 1 ^ < . 

!»d5 ^ ' ' sin^ 

8 « 

9. ^ ^ ^^ {sin(n+l)^sin«+id-sin(n+l)^sin*+i^}, 



3 « 
where 



Bin^ sin^ 

10. (-l)'»nl|sin(n+l)^sin«+i^-8ec*+»|^sin(n+l)0sin*+i^l , 



where x=cot^= . ^ 

sm^ 
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252 DIFFERENTIAL CALCULUS, 

Pagb 60. 

1. ««(a!+n). 2. a*-*<«{o««»+2iiajj+n(»-l)}. 

2(-l)*-Mn-3)! 

4. ^•8infa!+-^j+2nx8inf a;+5^^^-^j+n(n-l)8inf^ 

5. ««*(P8in6a;+Qoo8 6x), whereP+i^=(a+i6)*. 

7. (-l)*--i(n-2)! sin*-* ^ 008 ^ cos n^{n tan ^- tan n^}, where 

a;=oot^. 

8. ( - l)*-i (n - 3)! 8in«-2^ {(n - l)(n - 2) sin n^ co8« tf 
-2n(n-2)8m(n-l)^oo8^+n(n-l)8in(n-2)0}, where a;=cot^. 

Page 63. 

1. y^ = (16a!* - 12) sin «« - 48a?« oos a*. 

2. y4=x8inx-4co8a;. 8. yj=-8e*0O8x. 

4. y^=a»-»€«*{a»a:3 + Sna2x2+3n(n-l)ox+n(n-l)(n-2)}. 



10. y, 



_ (-l)'>nI f (c-a)(c-&) (d-a)(d-6)l 



11. y^-( 1) nl-j 2(^_ij^ +(^_ 



(n+1) 



.l)n+3 

^(x-l)»+i (a;-2)«+iJ • 
12. y8=n(n-l)(n-2)x«-»|logx+J + ^ + ^|. 
. (i 111 1) 



n! 
yiH-i=-. 



"• yH=^-^^^8in»+i^|cosec«+i^^+|^ 
8 * 

+ 2*+« sin ^STT^ -g)l, where x + 1 = >^/8 sin (^^ + ^ W sin ^. 

1». yH=^(-l)*«^8in»+i^{sin(n+l)^-0O8(n+l)^ 

+ (sin ^ + cos ^) ~*-i } , where B = cot""* ac 
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I* , _ (-l)'*n! r (n-H)(n+2) 3(n+l) 



CHAPTER VI. 
Page 68. 

«. (a) tan-i^^^=tan-i^-tan-ia;=eto. 

(6) tan-i?^^=8tan-i«=etc. 

2x 

(c) Bin"^^ — -5=2tan'"ix=eto. 

(d) ooB"^-^ — r=2cot-^x=ir-2tan-ia!=etc. 



CHAPTER VII. 

Page 89. 
8. *0027 of an inch. 

CHAPTER VIII. 

Page 95. 

Tangents, 
1. (1) Xr + ry=c«. (2) Yy=2a{X+x). 

<^) f + ^=^- (^) r-y=smh?(X-x). 

(6) X(2j^+y») + r(aj»+2a:y)=3a». 

(6) r-y=oot«(X-x). 

(7) J:(a;«-oy) + r(y»'(Mj)=a«y. 

(8) X{2«(«»+y«)-a«x} + r{2y(a;>+y«) + a«y}=a«(x»-y«). 



Digitized by VjOOQIC 



254 DIFFERENTIAL CALCULUS. 



M. 



f Tangents are F= ± hJj X - % . 
8 8 



Normals are Y^^^X+^a. 



. . JParallel at points of intersection with aa; + % = 0. 

(Perpendicalar at points of intersection with ^+&2^=0. 

(Perpendicular where x=0, 

,„fc™«...(¥.'-ii.). 

(Perpendioalar at (0, 0), (2a, 0). 

I Tangent, - cos ^ + 1 sin ^ = 1. 
I a 

[Normal, axaeo0-by cosec 0=0^- 6*. 

/ 6 

(Tangent, a;sin^-y cos^=;a9sin-. 

I 

iNormal, a;cos-+ysin3=a^cos^+ 2a8in^. 

{Tangent, xsin^^^-ycos^^t^^=(^+5)sin^^^^. 
Aa-S A4-S A — H 

Normal, xcos-^^- ^ + ysin -^^^=(4-B)cos-2^^. 

6. For an ellipse, 7^=ia^ cos* O+h^ sin* 0, 
For a rectangular hyperbola, r*=a*cos2^. 

7. — r = -T - T7 » i'©' they must be confocal. 

9. The axes are tangents at the origin. Also at the point (2^a, 2^a) 

the tangents to the parabolas make uigles tan~-i2^, tan'~^2~{ 
respectively with the tangent to the Folium. 

Page 96. 
2. (o) ajj=db6y, (/3) ar=Oandy=0, (7) ax=i^y Jl^-aK 
Page 101. 

1. a^lJsfi-^y^* 8. area=5/ya*xyl 

9. n=-2; »=1. 
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Page 110. 



1. 


Atx= 


=2±-i- 
>/3 


6. Where x= 


'i 


12. 


If normal=y3/63, 


subtangent = hhf\ Jy* - 6*, 










subnormal =^ ^y* - 6*/6*. 




19. 


X 

2* 




CHAPTER IX. 
Page 117. 





1. y=a:; y=2a;; y = Bx. 2. y=x; y==fc(2a;-l). 

8. y + ar=0; y + l=±a;^3. 

4. y=a;; y+x + l=0; y + 2a; + 2=0; y + 3x + 3=0. 

5. 2x + 3y + l=0; 3a;+4y + l=0; 4a; + 5y + l=0. 

Page 118. 

1. y + «=0; y-j;=0; y-x=l. 

2. y+x=0; y-ar=0; y-x=l; y-x=2. 3. y±a;=±l. 



Page 125. 



2a 
3 * 



2. x + y=0. 3. a; + y=0. 

4. y=0. 5. a;=0. 6. x=2a. 

7. a;+y + a=0. 8. ar=0; y=0; x+y=0. 9. y=0. 

10. x=±a. 11. x=a; y=:a; x=y. 12. a;=±a. 

18. x=0. 14. x=a. 15. x=±l;y=:ar. 

16. a;=0; y==fc^x+^j. 17. x + 2y=0; x+y=l; x-y=: -1, 

18. x=0; x-y=0; a;-y + l=0. 19. y=0; «=y; x=y±l. 
20. x-2y=0; a; + 2y=±2. 21. a;+y=db2 ^2; a;+2y + 2=0. 

22. y=3x-2a; x+3y=±a. 

Page 126. 

1. x»-6a~V + ll^i^'-6y»=a;. 3. ^ + ^=1. 
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Page 129. 
1. ^=0. 2. r8in9=a. 

8. nr sin (^ WaseoJbx, where Jb is any Integer. 

4. r«m$=a. 6. rooB^=2a. 

6. ^=|, rsm^=|. 

7. rsmlO — ^) = -, where h is any integer. 

\ nj n 

8. n0=kir, where ft is any integer. 

Page 130. 

« • ^ 

1. x=y. 2. a;-y=g. 8. a;-y=g. 

4. xss^l, y=:x. 5. j;=a. 6. a;=l, «=2, y=0. 

7. a;=2, y=l, y=x+l. 8. y=0, y=2a;. 

9. a;=fcy=±Aya2-6»/2. 10. ar=dba. 
U. y-a; + o=0, y+a;-a=0. 12. x=y + 2. 

18. «=±2, y-«=0. 14. «=t2y=±>y/g. 

16. j;=0, y~xtja=: 7=, y-k-xja^ p. 

16. 3a; + 4y=0, y-2«=0, y-2a5+3=0. 

17. 8a;+4y=0, y-2x+l=0, y~2x + 2=0. 

18. y=±a;, y-2a;+l=0, y-2a;+2=0. 

19. rsin JP^+I)^- ^J- =-co8eo(2fc+l)^, where A; is any integer. 

20. rsin^=2a, r=o. 21. r8in(l±^) + ^=0, r^a. 

22. rcos^=a. 28. 5-=±oos^-Bin^. 

2r 

CHAPTER X. 

Page 141. 

1. p=a; />=aoos^; />=8aBec*^sin^; p^aeeorp. 

2. p=(l+9«*)'/6a?; p=y*lc} /)=aseo-. 8. ^=a. 
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Pagb 160. 

1. p=2rt/a^; p=o/2; ^=a'»/(iii+l)r»^'. 

2. p=a(^+l)*/^; p=a(^ + l)*/(^+2); p=o/2. 

Page 168. 

1. (a) p=5j5l6, (b) p=6 76/22. 

(c) p= - J2I2 and p=5^/6/18. 

(d) p=15aj5IU and p= -?^^. 
11. ir=7 and a;=l. 

CHAPTER XI. 

Page 166. 

2. 266y»+27a!*=0. 3. a'^lx^-¥b^/y^=c*la^. 

*• ^■^2^u«""2jr' (ii) y»=4fc(a+;i-a;). 

6. y^+4a{x-2a)=0. 7. Two straight lines. 

8. A parabola touching the axes. 

Page 168. 
1. 27ay»=4(a;-2a)». 2. (ax)l+(6y)*=(a»-6»)i 

3. (o) aj»+4ay=0, 0) 44^+27ay»=0, (7) (p - l)*>-iajP+|)i»ay»-i=0. 



1 1 a 

answers may be at onoe tested \>y this result. 



4. (17) a;2-*^.ya-i»--^»-*. j„j^ ^^j^ Ayj^ g^^ being special cases, their 

Iby •• 



6. (7) fm-»=om-* cos — 3- ^ ; and the results of (o) and {fi) may be 
verified by this result. 

6. (o) r3=a»cos«^+6*sin»^; (fi) rcos^+asin2^=0; 

(7) x+a=0; (d) ri=(2a)icos^; 

(e) The auxiliary circle; (^ »^=a'oo8 2^; 

(1;) r*=a*C0Sg^; (0) r^i+i^ra^^ooB^^O. 

7. Similar loci to the results of 6 but of twice the linear dimensions. 
E.D.C. 17 
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258 DIFFERENTIAL CALCULUS. 

8. (a) a parabola; 0) a point; 

(7) a conio with focus at the pole and of wliich the given circle 

is the auxiliary circle ; 
(5) a circle through the pole; (e) a circle; 
(^) a rectangular hyperbola; {tj) an equiangular spiral; 

J!L -!L n . 

{$) ri-*=:ai-«cosj;3^^- 

9. (o) ^/x^-^=^/c; (/3) a;S+y8=c8; 

«n In ^ 

10. (o) x±y=±c; (j8) a?«+«+y'»"«=c'»+«; 

111 -i^ -5^ -5_ 

U. (a) a;*+y*=c*; (j8) x^»»+i+y*^i=ca'»+i; 

wp mp ftip 

12. «»»+P+y"Hi>=:c»»+f), 15. A cirde. 



CHAPTER XII. 
Page 182. • 

1. A parabola with focus at the origin. 

2. A conic with focus at the origin. 3. A cirde* 

CHAPTER XIII. 

Page 196. 
14. Area=2afe. 15. a^l27. 16. abcl^Jd- 

17. 4aV27. 18. pPq^^(p + q)^^. 20. 3 ^/3/8, 
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:21. If a>&Max. = a, Min. = &) 
If a<&Max.=&. Mm.=a) 

14. If a and h are the sides the mazimnm area = ^ (a+&)'. 

(A Max. when chords ooindde with Transverse Axis and Lat. Beci 
(A Min. when chords are equally inclined to Transverse Axis. 

Page 204. 

0. Max. value =34, Min. =33. 

8. x= -2, -1, 1, 2 give Max. and Min. alternately. 

9. Ata;=l, y=Max.; x=3, ^=Min. 

At a;=2 and a;=4 there are points of contrary flexure. 

4 
10. Atar=2, y=Min. At ar=-, y=Max. 

o 



Page 206. 

1. (a) Max. for «= 2 — p; Min. for a5=2 + -p. 
v3 tj^ 

(&) x=l, 2, 3 give respectively a Minimum, a Max., and a Min. 

(c) It a>b x=a gives a Min.; x = — ^ — gives a Max. 

If a<o x=a gives a Max.; x = — s — gives a Min. 

o 

(d) If a>&, the positive value of y is a Max. when d;=(a+4&)/5. 
The negative value is a minimum. Also when x^cl^ y=0 
and there is a maximum ordinate for the portion of the curve 
beneath the x-axis, and a minimum ordinate for the portion 
above the axis. 

If a< 6 the point (a, 0) is an isolated point upon the curve. 

1. (a) The greatest and least values are respectively ± tJa^-^V^. 

(d) Max.=^whentan(? = ±^. 
{e) Min.=a+&. 
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260 DIFFERENTIAL CALCULUS. 

(/) ^=tan-i5^, 2» '-tan ^ ^- , x+tan i-^^-, -g". 
2x - tan"^ ^- . . . give maxima and minima alternately. 

3. (a) x=l gives a minimum, x = ( + /^17 - 1)/8 gives a maximum and 

a;=(- <yi7 - 1)/8 a minimum. 

(5) x=0 gives a minimum, x= ±^ give maxima. 

, . T . . 5ir . . . 

(c) x=nx+^ give maxima, x=nir +-^ give minima. 
D o 

((2) x=6 gives a maximum. 

(e) The solutions of a;= — -. , where h is any integer, give maxima 

and minima alternately, beginning with ft=l; omitting when 
n is even those solutions for which k is zero or a multiple of 
n+1. 

4. (a) The roots ^f (« - j|-) ( & - ^) = ^^• 

(6) Min. value = 2c ,ya6. 

(c) Max. and Min. values respectively = ^ 2 sin ^ . 

(d) Max. and Min. values respectively =l±co8a. 

p+q p+q 

7. A Max. when the segment is a semicircle. 

A Min. when the radius is infinite. 

14. If height of cone be h and semivertical angle = a. Max. Volume 
4 
of Cylinder s^x^'tan^o. 

20. Half the triangle formed by the chord and the tangents at its 
extremities, or three-fourths of the area of the segment. 

CHAPTER XIV. 
Page 212. 
1. log^o. 2. |. 3. |. 4. \, 5. 1. 

6. \. 7. 4. 8. \, 9. |. 10. i. 
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ANSWERS TO THE EXAMPLES 261 








Page 217. 




1. 


a. 


2. 


\. 3.0; 1.00. 4. 
Page 219. 


.. .. -\. 


1. 


2. 




2. i. 3. 2. 




• i- - -i 


6. 


4. 


7. 


4m» .1 
•"- 8 • ^ 8. ^.. 


9. 6. 10. 1. 


11. 


If n>m, 


00 ; n=m, -; n<jii, 0. 
a 


12. 1. 18. 1. 


14. 


^Ja, 




«.\. 


16. a - - 2 ; Tjimit - - 1. 



17. ai=-4; a^=6\ Limit=l. 18. ai=-4; 03=8; Liinit=8, 

19. ai=-2' ^ = 2*'^=^'^^*="3- ^*- 16- 

22. e^. 23. e^. 24. (a) tfi; (6) «A; (c) «^. 



MISCELLANEOUS EXAMPLES. 
5. (I)e4;(2)«;(3)^ 7. ^^ 

9. (i) |; (ii) -1; (iii) 1; (iy) -1^. 10. ^. 

18. 3(x-l)2. 18. (^^2j5 . T- 

(-l)'>n! I 1 1 ) 

^* 2 t(a; + 2)«+i (x+4)"+iJ ' 

25. Ptmix + '^\^QQo%L + ^Y 

^here P=x«-*C2m(m-l)a^-2+«(74m(m-l)(m-2)(m-3)a;**-*- ... 
and Q =*Cimaj«-i - "CgWi (m - l)(m - 2) x"»-»+ ... 

42. At the origm and at the points of intersection with y^zx /z£ 

43. Half a right angle. 46. ^. 

4 



Digitized by VjOOQIC 



262 DIFFERENTIAL CALCULUS, 

57. (i) a?±y=0; (ii) ar=0, a;=2a. 

W. 0, 1, -g. 60. When y==fcx V^. 

61. MaTrimnm area =41^ am a oos^g, where r is the radiofl of the cirde 

and 2a the given angle. 
63. The Centroid is at the oentre. 66. a. 

66. If m be even x =-^^ and a5=(2X+ 1) J , where k and X are in- 

jii+l ^ '2 

tegers. If the several angles be arranged in order of magnitude 

we have Max. and Min. alternately, be^ning with a;=0. 

If m be odd the solutions which give Max. and Min. are those of 

'-£rv -* - ^- ^- -^ ^ -*-«^' "^^^ 

withac=0. 

67. 06=0 gives a maximum. Then the series of angles (arranged in 

order of magnitude) defined by sin 06=0 and by cos a; = — ^ 

give alternate maxima and minima. 

68. Alternate Max. and Min. are given by 2= Jb«- + j . A;=0 gives 
a max. 

69. If the breadth be 2a the minimum length of crease is — ^— and 

8a« 
TninimTiTT^ area= — =.. 

a>b Max. it x = 



72. 



3 ' 

a<& Max. if x=ia, 
fl=b gives a point of inflexion. 



76. y»(a;+16a)2+4{6y»-(2a-a;)«}{y«-3a(2a-x)}=0. 



cambbidob: pbimted by j. & o. r, clay, at the univbesitt pbbss. 
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